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Matrix form of Maxwell electrodynamics in media in the Riemann - Silberstein 
- Majorana - Oppenheimer approach requires two sets of commuting 4x4 matrices, 
a'' and f3^ - simple and symmetrical realization of which is given. These matrices 
are used as a tool to construct parametrization of all 4 x 4 matrices, which in turn 
are considered in the context of polarization optics as Mueller matrices; a subset of 
them consists of a group isomorphic to Special Relativity Lorentz group . 

In the paper a factorized technique of working with the Lorentz, which closely 
related to studies of Einstein and Mayer [H O [3] on semi- vectors, and to the sys- 
tematic construction of the Lorentz group theory on this base given by Fedorov 
and also closely related to quaternionic approach [5l[6l[7|, is used. This technique is 
specified for looking at the problems of light polarization optics in the frames of vec- 
tor Stokes-Mueller and spinor Jones formalism. Translation to isotropic formalism 
by Newman and Penrose is described. 

Some unsolved problems are discussed. Because Jones complex formalism has 
close relation to spinor objects of the Lorentz group, within the field of the light po- 
larization we could have physical realizations on the optical desk of some subtle topo- 
logical distinctions between orthogonal = S0o{3.1) and spinor SL{2.C) groups. 
These topological differences of the groups find their corollaries in the problem of 
the so-called spinor structure of physical space-time - the problem was extensively 
discussed in the literature. 
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1 Introduction 



There exist many different ways to approach the Lorentz group symmetry, the Lorentz group 
see [5] and references therein. Though historically this group arose within the physical 
problems of Maxwell electrodynamics of moving bodies (Lorentz, Poincare, Einstein), nowadays 
special relativity exposition mainly is based on a logical line suggested by Einstein in 1905. 

The aim the present article is to give a formal construction of the Lorentz group theory 
with the use of constructs arising within the electrodynamic Maxwell equations. Partly, the 
paper is written with a pedagogical view, the main claim (of course, not new one) is that 
Maxwell equations contain in themselves all mathematical tools to explore such topics as rotation 
and Lorentz group symmetry. Thereby, we have returned to the very beginning of relativistic 
symmetry and used the Maxwell equations to build the theory of the Lorentz group. We have 
started with a matrix form of Maxwell electrodynamics in media in the Riemann - Silberstein 
- Majorana - Oppenheimer approach (see [9j and references therein) which requires two sets of 
real and commuting 4x4 matrices, a* and [3^ . These matrices are used as a tool to construct 
the theory of the complex rotation group 0(4. C) on the base of the factorized relationship 

R^p = {A'^a') (B'P') = {AoI + Aa') (Bq I + B,P^) . (1) 

where A"',B^ are taken as independent parameters. The most interesting cases of real Lorentz 
group L^, real 0{3.R) and complex 0(3.C) rotation groups, and their spinor coverings, SL{2.C) 
and SU{2), are detailed. Translation to isotropic formalism [llj by Newman and Penrose is 
described. 

To avoid misunderstanding it should note that for Maxwell theory maximal symmetry group 
coincides of cause with more complex conformal group S'0(4.2) (or its covering SU (2.2)), but for 
present exploration into polarization optics problems this more extended group does not seem 
to be necessary now. 

The technique developed is specified for looking at the problems of light polarization in 
the frames of vector Stokes-Mueller and spinor Jones formalism. The main line of evolution in 
theoretical methods of polarization optics seems to be quite independent of that in relativistic 
symmetry methods, developed, for example, in particle physics. By many authors it was noticed 
that these two branches of physics employ, in fact, the same mathematical techniqu^ , only with 
occasionally motivated distinctions in notation and physical accents. So, in this part, the present 
article is one other appeal: instead of remaking the same things in different embodiment, it is 
better to work out and adopt a unique mathematical language. In so doing we might see the 
more unity and simplicity in symmetry aspects of particle physics and optics of the polarized 
light. Because Jones complex formalism has close relation to spinor objects of the Lorentz group, 
within the field of the light polarization we could have physical realizations on the optical desk 
of some subtle topological distinctions between orthogonal = 500(3. 1) and spinor SL{2.C) 
groups. These topological differences of the groups find their corollaries in the problem of the 
so-called spinor structure of physical space-time. 

Let us give several general remarks on aspects we are to focus. 

Remembering on great differences between properties of isotropic and time-like vectors in 
Special Relativity we should expect the same principal differences in describing polarized and 

^The bibliography on the subject is large enough, we have listed many of them; but the reader should remember 
on pedagogic missing of the paper and consider this list just as hints to further reading and thinking. 
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partly polarized light. So below we will be considering these two cases separately: a polarized 
light and a partly polarized light. Substantial differences will be revealed when turning to 
Lorentz boost transformations and to spinor techniques. 

One may restrict oneself to rotation subgroup of the Lorentz group and study corresponding 
manifestation optical devices in such a non-relativistic limit. So, the main idea in the opti- 
cal context should be to derive as much as possible from conventional theory of the rotation 
group S0{3.R) and its spinor covering, unitary group SU{2); turning to spinors of SU{2) latter 
immediately leads us to an additional insight to complex Jones formalism in polarization optics. 

We will describe some possibilities to apply in optical context the well-known and widely- 
spread formalism of Newman and Penrose [TlJ, and closely related to it ideas on spinor space-time 
structure being reformulated to polarization optics. 

2 Maxwell equations and mathematical structure 
of the Lorentz group 

Let start with basic Maxwell equation in real vector form (in the system SI) 
F'^* = (E, cB), divB = 0, rot E = 



dct ' 

H'^' = (D, H/c) , div D = p , rot - = - + — , 
In terms of complex vectors under the orthogonal group S0(3.C) (for more detail see [Oj I16j 

i = B + icB, h = l(D + iH/c), f = {f=p,j=J/c)- (2) 

Maxwell equations read ( note that = xq = ct) 

h + h* f-f* 1 
div (^^ + = -p, 

^ h + h* f-f% ,f + f* h-h\ i . 
-9o(^ + ^) + rot (^ + ^) = - j . (3) 



In new variables 



eqs. ([3]) take the form 

div (M + N) = — /) , 

eo 

ao(M + N)+irot(M-N) = -— j. (4) 

It should be stressed that M and N correspond respectively to different representations of the 
group S0(3.C): 

M = 0(/fc)M, N = 0*{k)N. 



4 



Equations ^ can be translated to matrix formalism (notation used according to [9l I16j) 
i-ido + a'di) M + i-ido + P'di) N = J , 
real matrices ,(5^ were introduced which possess very simple properties: 



1\2 



2\2 



[a-]- = -I , 
1 



,2 



, = _/jl/33 = _02 . 

- (5^a.^ . Let us consider all pair products of 



{P' f = -I , 

= _/32_gl = _/j3 ^ ^2^3 ^ _^3^2 

besides, two sets commute with each other: 0^(5^ 
I,a^,l3^ - there arise 16 matrices: 

I, a\ a^ /J^, /jS^ 

a^/3^ aV^ a^/3\ a^/3^ a^/?\ a^/?^ a^/?^ , 

they represent a basis in 16-dimensional linear space of real (4 x 4) matrices: 

R = EI + Aia' + Bil3' + dj a' [3^ . (5) 

The formula ([5|) determines a special parametrization for real linear group GL{4.R) and all 
its orthogonal and unitary subgroups; we get the complex linear group GL{A.C) when using 
complex values for Ai,Bi, Cij (see similar treatment on the base of the use of Dirac Matrices 
in [10]). Basis elements obey relationships: 



a*a-^ = -Sij + eijk^k , 



(6) 



where 



a 



010 
-100 
000 


1 

-1 







a 





-1 




1 

1 


-10 

1 

-1 
-10 
10 



a 












1 








-1 








1 








-1 




















1 








1 








-1 








-1 















-1 

1 



1 
-1 

One can easily derive the group composition rule R'R: 

R" = {E' 1 + ^^a' + B[(i^ + C[ja'fi^) (E I + Aja^ + + Ckia^P^) 
for such parameters: 

E" = E' E — A[ Ai — B[ Bi + C[j Cij , 
A^ = E An -\- A'^ E -\- {cijn Aj^ Aj) — 

—Cfii -Bj — C'ni Bi 
B'n = E' Bn + B'j^ E — (£5 

—A; Cin — Ai Ci„ + Ca^ C, 



Cij Ckj (^ikn 
'^m] B^ ^j) ~ 



r" 



E Cnm + Cnm ^ + + B^ A^n — 



— {Ai eink) Ckm — Cnl {B[ eum) + 
+ eini) + C'nj {Bi eijm) - C'ij Ckl 



(7) 
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In the following we restrict ourselves to orthogonal subgroups (in this connection also see 
[8] and big list of references therein); for treatment of unitary and pseudo-unitary subgroups 
S'C/(4), 5(3.1), 5C/(2.2) see [TU] (the group SU{2.2) is spinor covering for 15-parametric confor- 
mal group being of primary significance for Maxwell theory; but for present exploration into 
polarization optics problems this more extended group does not seem to be necessary now). 

Evidently, relations d?]) allow two subgroups with simple composition rules: 

Ai A2 A3 

Ao -A3 A2 

A3 Ao -Ai ' 

A2 Ai Ao 

Ao = ^0 ^0 ~ Aj^ Ai , Aj^ = Ao An + j4„ ^0 + ^ijn A^ Aj ; 



RaiAo,Ai) = Aol + Aio' 



Ao 
-Ai 
-A2 
-A3 



Rf3{Bo,Bi) = BoI + B^(3' 



Bo 


Bi 


B2 


B3 


-Bi 


Bo 


B3 


-B2 


-B2 


-B3 


Bo 


Bi 


-B3 


B2 


-Bi 


Bo 



B'i 



B'o Bo - B[ Bi 



B'n = B'o Bn + B'„ Bo — eijn B'i Bj 



(8) 



Two subgroups are isomorphic, indeed, let us change the variables Ao = Bo,Ai = —Bi, then 



Rp{Bo,Bi) = AoI-Aif3' 



Ao 


-~Ax 


-A2 


-A3 


Ai 


Ao 


-A3 


M 


M 


h 


Ao 


-h 


A3 


-A2 


Ai 


Ao 



A" 
^0 



Ao Ao — Ai Ai 



A^ — ^0 An + An Ao + £ijn Ai A 



which coincides with ([8]). Besides, we can readily verify identity 



AR^{Bo,-Bj)A-^ = Rp{Bo,B 




-1 








-1 





■3 ' 



(9) 



(10) 



The 4-parametric subgroup Ra{Ao,Ai) is closely related with the unitary group U{2) or 
linear group GL{2.C) at real and complex parameters, respectively. Indeed, let us consider the 
matrix Ra{Ao., Ai) as a linear transformation in 4-space: 



Xo 



X2 



+A0X0 + Aixi + A2X2 + A3X3 , 
-^1x0 + Aoxi - A3X2 + A2X3 , 

-^22:0 + ^33^1 + ^03^2 - A1X3 , 
: -A3X0 - A2X1 + A1X2 + A0X3 , 



(11) 



from whence it follows 



x[ + ix'2 = {Ao - i^3)(-xi + ix2) + {-iAi - A2){x3 + ixo) 
X3 + ix'o = {-iAi + A2){-xi + 1x2) + {Ao + iA3){x3 + ixo) 
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The later is easily recognized as the spinor transformation (of the unitary U{2) or linear GL(2.C) 
depending on values of {Aq, Ai)): 



Analogously, from (jlip one can derive the transformation law for another spinor: 



(12) 



X2 



that is 



2x3 
- ix' 



(ylo - M3) (-xo - ix-i) + {-iAx - A2) (x2 - ixx) , 
1 - {-iAi + A2) {-xq - ixs) + {Aq + iA3) (x2 - ixi) , 



1 

7i 



-Xo 

a;2 



ZXs 
ZXi 



r/' = (AqI - iajAj) ry 



(13) 



At real-valued parameters {AQ,Ai), coordinates (xo,Xj) play the role of real Kustaanheimo- 
Stieffel variables [13]; spinors rj and ^ are referred to each other as follows: rj = a^^*. 

Connection between four coordinates (xq, xj) and two corresponding spinors ^, is given by 
a liner transformation U: 



(14) 










-1 


i 







Xo 


e 


1 


i 








1 




Xl 




"71 


-1 








—i 




X2 


rf 







—i 


1 







X3 



inverse relation is 



Xo 







— i 


Xl 


1 


-1 





X2 


"71 


—i 





X?, 







1 



-1 
i 

1 

1 



e 
^1 

^2 



(15) 



It is readily proved that the matrix Ra{AQ, Ai) reduces to a quasi-diagonal form by a similarity 
transformation: 



U Ra{AQ,Ai) U'^ 



Aal 



iajAj 









AqI — ifJjAj 



(16) 



Therefore, the matrices Ra{AQ, A^) are isomorphic to a couple of 2-component spinor repre- 
sentations (of the unitary group U{2) or linear group GL{2.C)). 
The case dHl) can be considered in the same manner: 



X' 



X'2 

X' 



BqXq + BiXi + B2X2 + B3X3 , 
-BiXq + BqXi + B3X2 — B2X3 , 
-B2X0 — B^Xi + B0X2 + B1X3 , 
-B3X0 + B2X1 — B1X2 + BqX^ , 



(17) 
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from whence it follows 



X[ - iX'^ = (Bo - iBs) i-Xi - iX2) + {B2 - iBi) (X3 + iXo) 
X'^ + iX'^ = {-B2 - iBi){-Xi - 1X2) + (Bo + iB^){X^ + *^o) 



that is 



V2 



-Xi - iX2 
X3 + iXo 



E' = {BqI -iajBj)T. . 



-X^- iX'^ = {Bo - iBs) i-Xo - iXs) + {B2 - iBi) {-X2 - iX{) 
-X'^ - iX[ = {-B2 - iBi) (-Xo - iXs) + {Bo + iBs) {-X2 - iXi] 



(18) 



(19) 



Also, from (jl7p one can derive 



the later is the transformation law for the spinor 



H 



1 
71 



-Xo - iXs 
-X2 - iXi 



H' = {Bol -iajBj)H 



(20) 



(21) 



Connection between variables {Xo,Xj) and two spinors Y,,H is described by the transformation 
V: 



(22) 



inverse relation is 










-1 


—i 







^0 




1 


i 








1 




Xi 






-1 








— i 




X2 









—i 


-1 







X3 


Xo 







—i 


-1 







si 


Xi 


1 


-1 








i 






X2 


"71 


i 








-1 






X3 







1 


i 










(23) 



In addition, one easily proves an identity: 



VRf,{Bo,Bi) V 



-1 



Bol — ia^Bi 







50J — '■i^JJ-'J 

BqI - iajBj 



(24) 



Therefore, the matrices Rf^{AQ, Ai) are isomorphic to a couple of 2-component spinor repre- 
sentations (of the unitary group U{2) or linear group GL{2.C)). 

Because two sets of matrices, each making up a subgroup, commute 

Ra,{Ao,Ai)Rp{Bo,Bi) = R{Bo, B,)R{Ao, Ai) , 

their product is again a subgroup: 
GL{2.C) GL{2.C) 



R{A, B) = {AoI + Aid) {Bo I + BjP^) = 
AoBo + BoA^ a' + AoBi + ABj a'P^ 



(25) 
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Within R{A, B) one can separate a special subgroup by adding an additional constrain, Bi 
-A: 



R{A,A) = R^{Ao,A,)Rp{Ao,-Ai) = 
AqAo + AqA^ a'-AoAi - AiA. a' (3^ 



(26) 



Explicit form of R{A, A) is 
A^ 



R{A,A) = Ra{Ao,A,)Rf^{Ao,-A,) = 



A'^-2{Al + Al) -2A0A3 + 2A1A2 2A0A2 + 2A1AS 

2^0^3 + 2^1712 2(^2 + ^2) -2A0A1 + 2A2A3 

-2A0A2 + 2A1A3 2A0A1 + 2A2A3 A'^-2{Al + Al) 

where = Aq + Af + A2 + j4|. The determinant of the matrix R{A, A) is given by 

det RiA, A) = {Al + AI + AI + Aj)^ . 

Imposing restriction det R = 1 (or = 1), we get 



(27) 



R 



10 

1-2(^2^^2) -2A0A3 + 2A1A2 2A0A2 + 2A1A3 

2A0A3 + 2A1A2 1-2(^2^^2) -2A0A1 + 2A2A3 

-2A0A2 + 2A1A3 2A0A1 + 2A2A3 1-2(^2+^2) 



(28) 



Here, a (3 x 3) block is a matrix from complex orthogonal group S0{3.C), or SO{3.R) at real 
parameters. 

In turn, for Ra/s{A, B) in (f25l) we easily derive 



Rap — Ra{AQ,Ai) Rp{BQ,Bi 
2 , a2 , a2 , a2\2 y|4 



A"" 



det (Ao / + Aa') = {A'q + Ai + Ai + A, 
[R^{AQ,Ai)Y^ = -1 Ra{AQ,-Ai) = ^ [R^{AQ,Ai)f 



A2 



det (5o I + Bia') = {Bl + Bf + B^ + B^ 



B' 



[i2„(i?o,B0]"' = ^ Ra{Bo,-Bi) = [Ra{Bo,Bi)]' ■ 



(29) 



the symbol t stands for a matrix transposition. The property R^p G 50(4.C) is achieved by 
adding two constrains: 



B' 



■.Al + A\ + Al + Al 
Bl + Bl + Bl + B\ 



A 
B^ 



+1, 
- +1 . 



(30) 



Let us find explicit form of the matrices Rap-, it is convenient to write down their two parts 
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separately: 



-A2B3 + A3B2 
AiBs - A3B1 
-A1B2 + A2B1 



AqBo + BoAi a' + AoBi (3' 
AoBo BoAi + AoBi B0A2 + A0B2 

-BqAi - AqBi AqBq -BqAs + ^0^3 

-BqA2 — A0B2 B0A3 — AqBs AqBq 

-B0A3 - A0B3 -B0A2 + A0B2 +B0A1 - AqBi 

AiBj a'p^ = 
AiBs - A3B1 
-A1B2 - A2B1 
AiBi - A2B2 + A3B3 



A3B2 — A2B3 
-AiBi + A2B2 + A3B3 
-A1B2 - A2B1 
-A1B3 - A3B1 



B0A3 + ^0^3 

+B0A2 - A0B2 
-BoAi + AoBi 
AoBo 

A2B1 - A1B2 
-A1B3 - A3B1 
—A2B3 — A3B2 



-A2B3 - A3B2 AiBi + A2B2 - A3B3 



Expressions for matrices Rap are rather cumbersome, they can be greatly simplified with the 
help of a special similarity transformation (see ()14p l: 

URafsU-^ = (URaU-^) {URpU-^) ■ (31) 

the first term is (new parameters o, 6, c, d are introduced) 



URa{AQ,A{)U 



-1 



Aq - iA3 
-iAi + A2 







-iAi - A2 
Aq + iA3 










Ao - iA3 
-iAi + A2 







-iAi - A2 
Ao + iA3 



a d 

c 6 

a d 

c 5 



(32) 



and the second term is (new parameters A, B, C, D are introduced as well) 



URpU 



Bo + iB3 


Bi + iB2 






Bo + iB3 


Bi + iB2 



-Bi + iB2 


Bo - iB3 






-Bi + iB2 


Bo - iB3 



A D 

A D 

C B 

C B 



(33) 



and finally we arrive at 

URaf^U-^ 



a 


d 










A 





D 







aA 


dA 


aD 


dD 


c 


b 













A 





D 




cA 


bA 


cD 


bD 








a 


d 




C 





B 







aC 


dC 


aB 


dB 








c 


b 







C 





B 




cC 


bC 


cB 


bB 



(34) 



This expression of elements of the group 5'0(4.C) is analogue of isotropic form for Lorentz 
matrices in the Newman- Penrose formalism [TTj. The above constrains ()30p read 



ab-cd = +l , AB - CD = +1 . 
Restriction to a real group SO{4:.R) is achieved by imposing four constrains: 
b = a* , d=-c* B = A*, D = -C* . 



(35) 



(36) 
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Let us specify the most interesting for physical apphcations the case of the real Lorentz 
group 0(3, 1) with signature (H ). To this end, let us turn again to ([8]): 



Ra{Ao,Ai) = Aol + Aia' 
- Aq Aq — Aj^ Ai , A^ = 
Rp{BQ,Bi) = BQl + Bi/3' 
Bq - BqBq- Bj_ Bi , B^- 



A" 
^0 



Aq Ai 


A2 


A3 


— 4 1 An 


^3 


^2 


-A2 A-i 




-Ai 


-A3 -A2 


Ai 


Ao 


An + A^ Aq 




K Ai) 


Bq Bi 


B2 


B3 


-Bi Bq 


B3 


-B2 


—B2 —B3 


Bo 


Bi 


—B3 B2 


-Bi 


Bo 


Bn + B'n Bq 




B[B^) 



they are valid in general for any complex parameters. On may obtain a subgroup by imposing 
restrictions 



correspondingly we get 

R{A,A*) 



Bq = A, 



0' 



Bh 



-A 



k ) 



(37) 



Ro,{A) Rf,{A*) = {AqI + Aia') {Bq I - A* (3^] 
= AQA*Q + A*QAi a'-AoA* (3' - AiA* a'p- 



(38) 



A,A* 



AoA*Q + A*QAi a' 



AoA*Q 
A*qAi + AqAI 

A*qA2 + AqA* 

* 
3 



A*qAi - AqAI 



AoA*Q 



A*qA2- 

-A*oA3 



A*A: 



0^3 + ^0^3 



AqA, 



AoA* (3' 

-AqAI 
AqAI 





-A*qA3 + AqA 



-A*qA2 



AqAI 



+AIA1 + AqA\ 



AiAj 



+A2A% - AsAi 



+A2AI - A3AI +A1AI 
-AiAl + A3AI 
+AiA*^ - A2AI 



A2AI 



13^2 
A3AI 
+A1AI + A2AI 
+A1AI + A3A\ 



-AiAl + A3AI 



AiAl + A2AI 
-AiA\ + A2AI - A3AI 
+A2AI + A3AI 



AIA3 



AqA% 



±0^3 
+A*qA2 + AqAI 
-A*qAi - AqAI 

AoAl 



-AiAl - A2A\ 
^AxAl + A3A\ 
^A2Al + A3AI 
-AxA\ - A2AI + ^3^^ 



The matrices obtained R{A, A*) determine transformations in 4-dimensional space with one real 
and three imaginary coordinates. Translating to real coordinates and real Lorentz matrices is 
achieved in the following way: 



y'a 





yo 




1 










Xq 


Rab Ub , 


yi 







i 







Xl 


y2 







i 







X2 




ys 










i 




X3 


Y = UX , 


L{A,A*) 


= 


^R{A,A*)U 



(39) 
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i{AlAi 



AoAl) 
AoAl) 



i{AlA^ - AoAl) 



i{AlAi 

AoAl 
AlA^ + A^Al 
-AIA2 - AoAl 



' {AoA*o + A*oAi 
AoAl) i{A*A2 



AM i{A*A3 



-A*oA3 



AoA*Q 



+A*Ai + AqAI 



AnAt 



^0^3 +A*qA2 + AoA*2 
-A^Ai - AoAl 



AoA*o 



A,A* 



i{+A2Al - A^A*^) 



-i{+A2Al - A^Ai,) AiAl 
-i{-AiA* + A3Al) 
-i{+AiAl - A2AI) 



- A2AI - A^Al 
AiA% + A2AI 
+AiAr^ + A^Al 



Let us consider a particular case 
^0 / , ^3/0 







i{-AiAl + A:,Al) i{- 
AiAl + A2A\ 
A2AI - AiAl - A^Al 

+^2^3 + ^3^2 ^3^3" 



-AiAl - A2A\) 
AiAl + A^Al 
\* 



A2AI + A^Al 



A^Al + ^3^3 


AIA3 + ^0^3 

i{AlA-3 - A^A*^ 



A^Al - A3AI 



L{A,A*) -- 

At real parameters, it gives Euclidean rotation^: 



A^A 



1^1 



-AIA3 
A^Al- 



-A^A% 
AzAl 



i{AlA3 - A^Al) 



AqAI + A^Al 



.(40) 



(41) 



Al = A. 



L{A,A*) = 



D cos - , A% 
2 



1 

cos ( 

sine 





A3 = D sin 


i — sin ( 
} cos (j) 




at complex parameters we have Lorentzian rotations: 



An 



A* 
^0 



D ch 
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The quantity D determines determinant of L: 



A3 = 


A* — 
^3 — 


iD sh — 
2 


ch p 





- sh/3 





1 








1 





- sh/3 





ch/? 



det L = 



Let us consider another case: 



(42) 



(43) 



(44) 



^For needs in polarization optics it is important to have in hand extended Euclidean and Lorentzian rotations, 
including transformation with not-unit determinant - those transformations have a reasonable and separate 
physical interpretation. 
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AoAl + AiAl 
i{A*oA, - AoAl) 





from whence it follows: 



i{A*QA^ - AoAl) 
AoA*Q + AiAl 








AoA*Q - AiAl 
+A*oAi + AoAl 









-A*oA^ 
AoA%- 



-AoAl 
AiAl 



(45) 



A* 
^0 



Ao = D cos 



Al = A. 



D sin ■ 



L = D' 






cos 1 
sin ( 






— sin ( 
cos d> 



(46) 



Ao = A*n 



Dch- , Al 
2 ' 



-Al 



iD sn — 
2 



L = D' 



ch P 


- sh/? 








- sh/3 


ch/3 














1 














1 



(47) 



Let us write down explicit form of two factors Ra{Ao, Aj) and i?^(^Q, —^j) after the simi- 
larity transformation: 



A = U-^ R^{Ao,Aj)U 



Ao 


iAl 


iA2 


iAs 


iAl 


Ao 


-As 


A2 


iA2 


Az 


Ao 


-Al 


Ms 


-A2 


Al 


Ao 


A* 


-iAl 


-iAl 


-iAl 


iAl 


A* 


-Al 


A*2 


iAl 


A* 


A* 


-Al 


iAl 


A* 


Al 


A* 
^0 



A* =n-^ Rp{A*o,-A*)Il 



(48) 

in other words, any Lorentz transformation L{A,A*) is factorized into two commuting and 
conjugated matrices: 



L = AA* = A* A 



(49) 



In essence, just that factorized structure was used by Einstein and Mayer in its theory of semi- 
vectors [H 121 13] i later and more systematic construction of the Lorentz group theory in that base 
was given by Fedorov [4J. Also, it may be treated within the quaternion approach - for instance 
see |5j , great list of references on quaternion in physics is given by Gsponer and Hurni [6l [7| . 

The most of facts exposed above in Section are not new ones, the role of this Section is 
to make present treatment self-consistent and intelligible and comprehensible for readers. In 
the next Sections we consider some applications of the above technique to description of the 
polarization of the light in Mueller and Jones formalisms. 
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3 Polarization of the light, Mueller 4- vector formalism 



To elucidate how mathematical facts on rotation and Lorentz group exposed above may be 
appHed to problems in polarization optics, and also what problems of this field wait to be 
solved, let us start with some basic definitions concerning the polarization of the light (at this 
we have used [15] . though it might be another from many). 

For a plane electromagnetic wave spreading along the axis z, in an arbitrary fixed point z 
we have (Af, N are amplitudes of two electric components, A is a phase shift of two electric 
components) 

^i = Arcosa;t, = M cos(wt + A) , = , 

A^>0, M>0), AG [-^, +^] ; (50) 

four Stokes parameters {So) = {I , , S'^ , S^) are determined by definitions 



I=<El + El> , = <Ef-E^> , 

= < 2E1E2 cos A > , = <2EiE2 smA> ; (51) 

the symbol < ... > stands for averaging in time. If the amplitudes N, M and the phase shift A 
do not depend on time in measuring proces^, the Stokes parameters equal to 

S'ipoi) = hp) =N' + M\ Sl^,^ = N'-M\ 
SU) = ^NM cos A , Sl^i^ = 2NM sin A , (52) 

and the identity holds 

SaS" = {s^^poi)f ~ ^{poi)^(poi) = ^(poi) ~ ^fpoi) = ; (53) 

that is S = I(poi) n. In other words, for a completely polarized light, the Stoke 4-vector is 
isotropic. 

For a natural (non-polarized) light. Stokes parameters are trivial: 

^(non-pol) — (-^(non-po/)) 0, 0, 0) . 

When summing two non-coherent light waves, their Stokes parameters behave in accordance 
with the linear law /(i) +-^(2) ) ^(i) + ^{2)- In particular, a partly polarized light can be obtained 
as a linear sum of natural and completely polarized light: 

^{nan-pol) — (-^(non-poi) ' 0' 0' 0) ' ^(pol) — i^pol) ■• I {pol)^) ) 

= ^{non-pol) + ^tpol) ~ ( hnon-pol) + ^pol) ) ( li J \ T ^ I ' 

\ ^(non—pol) ' ^(pol) J 



with notation 



hnon-pol) + hpol) ' P ~ 7 \- T ' ^^'^^ 



^In this case we say about a completely polarized light; with that simplest case we will associate index {pol) 
below. There exist simple ways to obtain a completely polarized light experimentally, so the light with such 
properties is not something unattainable. 
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for the Stokes vector of the partly polarized light we have expressions 



5" = (/, Ipn) 



SaS'' = l\l-p^)>0; 



(55) 



where / is a general intensity, p is a degree of polarization which runs within [0, 1] interval: 
< p < 1, n stands for any 3- vector. 

Behavior of Stokes 4-vectors for polarized and partly polarized light under acting optics 
devices may be considered as isomorphic to behavior of respectively isotropic and time-like 
vectors with respect to Lorentz group in Special Relativity. This simple observation leads to 
many consequences, some of them will be discussed below. 



4 Polarized light and Jones formalism, restriction to symmetry 
SU{2), and two sorts of non-relativistic Stokes 3- vectors 

Now let us consider the Jones formalism and its connection with spinors for rotation and Lorentz 
groups. It is convenient to start with a relativistic 2-spinor ip, representation of the special linear 
group GL(2.C), covering for the Lorentz group: 



* = 



^2 



B{k) = ko + kja^ 



ko + fca ki — ik2 
ki + ik2 ko — ks 





a d 




c b 



det = k^-'k^ = ab-cd=l , B{k) G SL{2.C) 



(56) 



Prom the spinor one may construct a 2-rank spinor the 2x2 matrix, which in turn 

can be resolved in term of Pauli matrices, we will need two sets: a" = (/, a^) and a" = (7, — cr^). 
Let us decompose 2-rank spinor into the sum 



* (g) 



1 



1 



(5*0 - Sj 



2 V " / 2 

The spinor nature of -0 will generate a definite transformation law for Sa- 

(V $'*) = B{k){^' ® ^'*)B+{k) ^ 8'^^" = B{k)Sa a^B+ik) 
Now, one should use a well-known relation in the theory of the Lorentz group: 

B{k)a''B+{k) = a^L^ " 
where Li^"'{x) is a 4 x 4 matrix, defined by 

L,«(x) = ^ sp [ cTb B{k{x))a'' B{k*ix)) ] = LC{k{x), k\x)) , 

With the use of the known formulas for traces of the Pauli matrices: 
1 / - - ^ 

- Sp {(TkaiaaCrb) = guWab - 9ka9lb + 9kb9la + i^klab , 



(57) 



(58) 



(59) 



(60) 
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for the matrix L we get 



3 Q k ~\~ JxiQ k ~\~ Ic^ k ~\~ % kfi k^ j ^ (^61) 



where 

0, 

+1, c = 6 = ; 
-1, c = 6 = 1, 2, 3 . 

It should be noted that the matrix L used in Section transforms contra-variant vector, that is 

L = L\, U- = L\U\ L\ = {L-\' 

Substituting ([59|) into ([58|) . one gets the transformation law for Sa- 

S', = L,-Sa. (62) 

Thus, spinor transformation B{k) for spinor tp generates vector transformation '*(A;, k*). Dif- 
ferent in sign spinor matrices, ±i? lead to one the same matrix L. If we restrict ourselves to the 
case of SU(2) group, for matrix L^°'{k, k*) we get: 



o = no , 



k'i 



+1, 



Bin) 



no — injaj , 



L(+n) = L{-n) 



10 

1 — 2(n2 + n|) —277-0^3 + 2nin2 2non2 + 2nin3 

2non3 + 2nin2 l-2(nf + ni) -2noni + 2n2n3 

— 2non2 + 2nin^ 2noni + 2n2n3 1 — 2(nf + n|) 



Let us introduce a polarization Jones spinor ip: 



^1 













~ —Si + i5'2 
-Si - iS2 So + S3 



S^ + S^ S^-iS^ 
51 + iS^ 5° - S^ 



that is 



1 



(5° + S' 



From this it follows 

5^ = 2NMcos{f3-a 
They should be compared with eqs. (jlOSp 



52 = 2iVMsin(/3-a) , 



+^sl + si + sl. 



(63) 



(64) 



(65) 



S'^ = N^ + M^ = +JSI + 52 + Si 



5^ = 2NM cos A 



£•2 = 2NM sin A 



(66) 
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They coincide if (/? — «) = A. Instead of a, (3 it is convenient introduce new variables: 

A = /3 — a, 7 = /3 + a, 
A) = a ; 



^(7 + A)=/3, ^(7 



correspondingly the spinor ^' will look (|139|) 



iV e 


~iA/2 




M e^ 


MA/2 





(67) 



remembering that Jones complex 2-vector, it is just another representation of the electric field 
in the plane electromagnetic wave (see (I106P ): 

E^ = Ncosujt, = M cos{ujt + A) , = . 

Let us write down the inverse relations to (|65p - (j66p . they are 

52 



2N' 



S + S\ 



2M' 



s s ^ 



A = arctE 



51 



these correlate with the known relations defining parabolic coordinates 

^ = r + z , T] = r — z , 



y 

arctg — 

X 



(68) 



(69) 



Evidently, we have isomorphism between parameters of the Jones spinor [N, M, A) and 
parabolic coordinate {^,rj,6) in effective space of Stokes 3-vector (5^,5^,5^): 



2N^ 



r] = 2M^ 



X = , y = , 



(/) = A. 
z = S'. 



(70) 



One could pose the task to find space spinor "if space related to space coordinates (x, y, z) on the 
base of relationship (see Cartan |14j ) 



space 



N e*" 



r + z X — iy 
X + iy r — z 



one would produce the formulas (for more detail see [12], [13]) like ([67]): 



space 



-7/2 



^/7Tz e-^<^/2 



-7/2 



pi0 



X + iy 
■\/x^~+y^ 



(71) 



(72) 



Spinor ^I' (or "^space) has evident peculiarity: at the whole axis Si = S2 = (or at x = y = 0) 
its defining relation contains ambiguity (0 + iO) /O (and expressions for ^ will contain a mute 
angle variable F : cj) ^ T ) 

y+25^e-^/2 




(0,0,53 >0) : 
(0,0,53 <0) : 



lim 





5i + iS2 



Si,S2^o ^s'f + 52 ■ 



(73) 
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It should be mention that polarization singularities, attracting attention in the literature 
[116) . should be associated with peculiarities (0 + iO)/0 in ([73]) : in other words, it is peculiarity 
in parameterizing space spinor "if space by parabolic coordinates {^,rj,(j)). 

Also one can take special attention to the factors e"*"**^/^ and e"**^/^ in expression for Jones 
spinor, which leads to (ib)-ambiguity at the values $ = and ^ = +27r or A = and A = +2tt. 
However these two values correspond physically to one the same direction in geometrical space 
or to one the same Stokes 3-vector. It is an old problem with spinors applied to description of 
3- vectors, and it can be overcome in the frame ideas on spinor space structure: {llj : also see 
in [12], [13] and references therein. Does the spinor group topology is relevant indeed to Jones 
complex formalism in optics or not - the issue remains open, for theory and experiments. 

Also, we might take special attention to the fact, that usually the space vector (x, y, z) is 
not taken to be a pseudovector, but constructing (x, y, z) in spinor approach according to (j7ip 
leads just to a such pseudo- vector. 

Let us recall Cartan classification for non-relativistic spinors [H] of 2-spinors with respect 
to spinor P-reflection: namely, the simplest irreducible representations of the unitary extended 
group 



SU{2) = { 5 G -5^(2) e J 



i 
i 



det g = +1, det J = — 1 



are 2-component spinors of two types Ti,T2 

Ti{g)=g, Ti{J) = +J; T^ig) = g , T2{J) = -J . 

There are two ways to construct 3-vector (complex- valued in general) in terms of 2-spinors 



space 



2. 



space 



r + Xj 



r — +^/xjlEj 



pseudovector ; 



space 



"^'space) = iVj + ixj) , yj,Xj - vectors . 



(74) 



Evidently, variant 1 provides us with possibility to build a spinor model for pseudo vector 
3-space, whereas variant 2 leads to a spinor model of properly vector 3-space. In other words, 
according to different ways of taking the square root of three real numbers - components of a 
3-vector Xi - one will arrive at two different spatial spinors: 



space 



space 



These spinors, ^ space and ^'space respectively, turned out to be different functions of Cartesian 
coordinates. In particular, the second spinor model corresponding to a vector space, variant 2. 
in ([7¥|) . is described by two spinors ^space(^)i each covering a vector half-space (for more detail 
see [HI): 



63 >o. 



H 



space 



J<t> 



X + iy 
\/a;2 + y2 



63 <o. 



space 



- (x2 + y2)l/2 g-W2 



Vr + (x2+y2)l/2 g+i<T/2 



Ja/2 



X + iy 
\/a;2 + y2 



(75) 
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In the context of polarization optics instead of ()75p we would have 



5^ > , 



5^ < 



5 + {Sf + 5|)i/2 e 



-iA/2 



5- (52 + 52)1/2 e-W2 
5 +(52 + 522)1/2 e+*-/2 



io-/2 



51 + i52 



(76) 



Here again we have singularity in parametrization on the whole axis 61 = 0, 62 = or at 

51 = 0, 52 = 0. 

Two models of spinors spaces with respect to P-orientation are grounded on different map- 
pings ^'(x) and ^space(^) defined over the same extended domain G{yi). The natural question 
is: how are these two maps connected to each others. An answer can be found on comparing 
the formulas 



space 



^ e+^<^/2 
From (j77p we immediately arrive at 



^1 



space 



1 

7^ 



(77) 



1 

1 



space — ^{'^ space i O" CspaceJ 

— -i 0-2^''* 1 

space — \^ space ' " ^ space) 



^ space — ^j-^ \^ space ' " ^ s 

Finally, let us write down the formulas for Stoke 3-vector in both cases: 
traditional model ^'(5) 

53 = iV2 _ ^2 



(78) 



51 



NM 



cos A 



5" 



sin A 



alternative model \E''(5) 



5I = J2 I M'2 - Ar'2 I cos A , 



52 



2 I M'2 - Af'2 I sin A , 5^ = ± ViV'M' 



(79) 



5 Factorizations for 3-rotations and polarization of the light 

In this Section we will consider several problems naturally arising within the task of finding 
different ways to parameterize the unitary SU(2) and rotation S0(3) groups by three angle 
variables. There exist two different classes of those. The first based on 2-element factorizations: 

(f/2W2), (f^3f/2C/3), 

(f/lC/3t/(), (C/l[/2t/(), (f/2f/lC/2) , 
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provides all possible ways to define Euler's angles. The second based on 3-element factorizations: 

{U1U2U3), (UiUsU^), {U2UsUi), 
{U2U1US), {UsUM, {U3U2Ui) . 

In the literature, this second possibility is used rarely, and as a rule is only pointed out as 
existing one. 

This rather abstract group theoretical problems have a definite sense in the context of the 
light polarization formalism of Stokes-Mueller vectors and Jones spinors. Because relations 
obtained give a base to resolve arbitrary pure polarization rotators into all possible sets of 
elementary rotators of two or tree types. 

2-element factorization, one special case 

In this Section we consider the 2-element factorizations: 

U = UiU2U[ 
= (xo + ixiai){yQ + iy2(T2){x'Q + ix'iai) 
= yo {xox'q - xix[) 
+iai yo {xix'q + xox[) 
+102 y2 {xqXq + xix'i) 
+icr3 2/2 (-2:1X0 + xox[) 
= no + ini (Ti + in2 (T2 + in^ , (80) 

that is 

n-o = yo {xqXq - xix[) , ni = yo {xix'q + xox[) , 
n2 = 2/2 {xox'q + xix[) , n^ = y2 {-xix'^ + xqx[) . (81) 

We should resolve eqs. (|8T]) under the variables xq, xi; x'q, x'i;yo,y2- For yo,y2 we have 

no ni 



yo 



{xox'q-xix[) {xix'q + xox[) 



= ^2 ^ .g2\ 

{xox'q + xix[) {-xix'q + xox[) ' 

In eqs. (f8T]l . one can exclude the variables yo and y2- 

no _ {xqXq - xix'i) "-2 _ (xoXq + xix'i) 



or 



ni {xix'q + xox[) ' ns {-xix'q + xox[) 
no {xix'q + xox[) = ni {xox'q - xix[) , 

712 {-Xix'o + Xox'i) = 77-3 {xoXq + Xix'i) . (83) 



Eqs. (jSSp can be resolved as a linear system under the variables xo,xi 

J ( xo {nox[ - niXQ) + xi (noa^o + nix[) = , 
xq {n2x[ - 723X0) + xi (-77,2X0 - 7l3x'i) = , 



(84) 
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or under the variables Xq,x[: 
II 

First, let us study eqs 
/ det 



x'o {noxi - uiXq) + x'l {noXQ + nixi) = , 
x'q {-n2Xi - n^xo) + x[ {n2Xo - nsxi) = . 



(85) 



{nox[ - tiiXq) {uoXq + nix[) 
{n2x[ - nax^) (-n2X^ - n3x[) 



(nins - non2) 2xqXi + (nona + nin2){xQ - Xi) = . 

With the use of angle parametrization for x'q , x'l : x'q = cos ^ , x'^ = sin y , eq. ([861 
the form 



(86) 
takes 



(nins — non2) sin a' + {riQn^ + nin2) cos a' = 



that is 



and further 



tg a' 



nons + nin2 
non2 - nins 



(87) 



cos a 



(no^a - ning) 



sma =cosa tg a = ±- 



2 ' 



(88) 



Thus 



Xq = /i' cos ■ 



1 + cos a' 



/i' = ±1 , x'^ = 5 sin ■ 



1 — cos a' 



6' = ±1 



or 



f^O = Jo ± 



non2 - nina 



non2 - nins 



Turning to eqs. we get two (equivalent) solutions: 

(noXQ + nix'i'^ 



xo = ± 



Xq = ± 



(nox'i - tixx'qY + (nox'o + nxx'^Y ' 

(n2x[) + rfjx'^) 

\l {n2x'^ - n3Xo)2 + (-n2x'o - n^x'^)^ 



Xi = ± 



2 2v^n^ +n^A/^| ' 

(niXp - npXi) 

(nox'i - nix^)2 + {uox'q + mx'^) 



(89) 



Xi = ± 



(n2xi - nsx'o) 



\/ {n2x'i - nsxo)^ + (n2X^ + nsx'J^ 



;(90) 



;(9i) 



Now let us make the same with the system (|85p . which formally differs from (|84p by evident 
changes 



n2 



-n2 



X-i 
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from vanishing the determinant 
// det 

we get 



(noXi-TiiXo) (noxo + nixi) 
{-n2Xi - naxo) (n2Xo - naxi) 



tga= ■ 

710^2 + nins 



cos a = ±W — = ± 



{-npris + nin2) 



also 



a /I + cos a .a /1-cosa 
xo = cos- = /iY , /i = ±l, xi = sm- = d^ , 6 = ±1 , (94) 



(92) 



sin a = cos a tg a = ± ^ ^ ^ 9 / 9 . 2 ' ^^^^ 



Turning to the system ([85]) . we produce two (equivalent) solutions: 

^/ _ _^ (npxo + nixi) ^, _ _^ (npxi - n-iXp) ^^^^ 

(noa;i - nixoy + {uoXq + nixi)^ ' {noxi - nixo)^ + (rio^o + nixi^ ' 



^/ ^ _^ (n2Xo - nsxi) ^, ^ _^ (noXi - nixp) ^^^^ 

Y^(-n2Xi - nsxo)^ + {n2Xo - 723X1)2 ' \/ (-""-2X1 - 723X0)^ + (n2Xo - 113X1)^ 

Evidently, the systems, I and II, are equivalent, so they must provides us with the same 
solutions - collect results together: 



/ , inon2 - mns) . , (no7i3 + ni7Z2) , / "^0^3 + nin2 
cos a = ± — -^=^= — -^=^= , sm a = ± — ^^=^= — ^^=^= , tg a = 



/ / /l , non2-nin3 , , 1 non2 - riin-s 



2 2Vng + n|v^if+7if y 2 2v^n^ + nfv^n| + n§ 



Xo 



xo = ± 



(tioXq + Tiix'J 

(712X() + 7?.3xi) 



Tin 



Xl = ± 



Xi = lb 



{n2x'^ - 713X0) 



(98) 
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II 

(non2 + niTT-s) . (-nons + ni?i2) -n-o"-3 + nin2 
cos a = ± — — , sma = ± — — ,tg a = 



/I 710712 + nin3 /I 77o7l2 +711713 



2 2v^n^ + 77^v^n| + 77,^ ' ^2 2v^r7^ + 71^ v^r7| + 



77 



3 



(r7oXo + Tiixi) , (TiQXi-niXo) 



t _ _^ (712X0 - 713X1) , _ (770X1 - TllXo) 

^0 — / 9 9 1 Xi — =F- 



77? 



(99) 

For a time, giving up more complex forms, let us use the most simple ones (one may omit it ) 
for a, a': 



and for 



, (nof^2 - ni773) . , (77on3 + 771712) 

cos a = — , — , „ , sma — 



Y^r7^ + n'fy^nl + 71^ ' y^77^ + njy^nl + 77^ 

(710772 + 111173) . (-no773 + 711172) 

cos a = — — , sm a — 



y^77o + njy/nj + 773 v^nfTnf v^nfTnf 

(100) 



a a_ 
2' 2 



Xq 



COS ■ 



+ 



710772 - ^1173 



2 2Vnf+nfVnf+T7| 



Xq = COS — 

2 



;i ^ 



170172 + 771773 



2 2V71^ + 77^v^7l| + 



775 



I 

Xi 



Xl 



sm ■ 



. a 

sm — 
2 



6' 



770 172 - 77 1 713 



2 2v^l7^ + 77^v^7l + 



775 



5. ; 



770172 + 77,1173 



2 2^71^ + 77^ 



775 



(101) 



Turning to eqs. (|82p. we should calculate expressions for 

770 n-i 



yo 

y2 = 



{xqx'q-xix[) (xiXo + xqx'i) 
n2 ns 



(xox() + xixi) (-xix'o + xox'J 



(102) 



Let us introduce angle variable t/q = cos | , 7/2 = sin | and calculate sin b and cos b; for 



definiteness let us use second expressions in (jl02p : 

711773 



sin b = 27/02/2 = 2 



-1 + x'l^) + Xqx'i^ 



.'2 2 

'1 Xi 



allowing for identity 



Xl 



Xl 



1 



770172 - ni773 



77o7l2 + 71i?l3 



77 1 773 



2 2^/n[^^^/nf+nl 2 2^/nf+r}^^/nf+nl ^/n[^^^/nf+n 
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we arrive at 

sin 6 = 2 ^Jnl + nl \Jnl + nl . (103) 

It is readily verified that the result will be the same if one uses first expressions in (jl02p . Let 
us calculate cos h: 

cos^ 6=1 — sin^ h = (rig + n\) + {n^ + n\) — 4(nQ + n\) {n^ + n|) = {tiq + n\ — n\ — ng)^ , 
so that 

cos b = {nl + n\-nl- nl) . (104) 
Now let us calculate yo and 1/2 from (I102p . Allowing for 

(xqx'o ± xix'i) 



X [ {\p[^rr{{yj~r^[^^^ + (non2 + nins))^/^ (y^ng + nf y^n^ + n| + (non2 - nina))^/^ ± 

[ (2non2 + ngng + n^nl + 2non2v/ + nf A/nl + ra|)^/^ ± 



2 + ni VnfT 



±{2nlnl+nlnl + nlnl - 2non2y + nf + n|)^/^ ] , 

so that 

(no i/nfTnf + 722 ^/nl + nj ) - (no \/nfTn| - n2 ^/nf+nf ) _ n2 



(xox'o + xix'i) 



2i/nfTnf ynfTn| \/n|T 
(xqx' - xix' ) = ("0 ^/r4 + nl + n 2 ^Jn\^n\ ) + (no ^Jn\^n\ - ^Jn\^n\ ) _ no 



n 



2 ' 



2v^ng + nf i/nl + n| y^ng + nf ' 

thus 



^°= (xox--V,) =V"i + "i' ^^ = (xoxf+xix;) = V"° + "'- 

All six types of 2-element factorization 

There exist six types of 2-element factorization: 



(1) 


C/3 V'^ , 


(1)' 


f/3 C/2 V'^ ; 




(2) 


C/3 f/i f/3 , 


(2)' 


C/i C/3 ; 




(3) 


C/i C/2 f/( , 


(3)' 


f/2 C/i f/2 • 


(106) 



in the previous Section we considered one (underlines) factorization \J\ U2 U[. We are to extend 
the above analysis to all six variants: 

U = no+ ini cJi + in2 cJ2 + in^ CT3 , 
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(1) U = U2U3U2 = (yo + iy2cr2){zo + iz3a3){y'Q + ^^20-2) , 

no = zo (yoyo - y2y2) > ^^3 = ^3 (yoyo + y2y2) , 
"-2 = zq (yoya + y2yo) , "1 = ^3 (yoy2 - y2yo) • 

(1)' U = U3U2U3 = {zq + iz3a3){yo + iy2(72){z'Q + iz'^(T3) , 

no = yo (zoz'o - Z34) > n2 = y2 (zo4 + ^34) > 
= yo izoz'3 + Z3z'q) , -m = y2 {zoz'3 - Z3z'q) ; (107) 



(2) U = U3U1U3 = {zo + iz3a3){xo + ixiai){zQ + «4^3) , 
no = Xq {zoz'q - Z34) , ni = xi {zoz'q + Z34) , 
n3 = Xo {zoz'3 + Z3z'q) , n2 = xi {zoz'3 - Z3z'q) ; 

(2)' U = UiU3U[ = (xq + ixifTi)(zo + iz3a3){xQ + ix'iai) , 
f^o = ^0 (a^oa^o - xix'^) , ^3 = 23 (xoXq + xix'J , 
ni = Zo (xqx'i + xixo) , -n2 = Z3 (xqx'i - xiXq) ; (108) 



(3) U = UiU2U[ = (xq + ixifTi)(yo + iy20-2)(2;o + ix'^ai) 
no = yo {xox'o - xix'i) , n2 = y2 {xoXq + xix'^) , 
ni = yo (xox'i + xiXq) , n3 = y2 (xqXi - xiXq) ; 

(3)' U = U2U1U2 = {yo + iy2(y2){xo + ixiai){yQ + iy20-2) , 
no = Xo (yoyo - y2y2) , ni = xi (yoyo + y2y2) , 
n2 = Xo {yoy'2 + y2yo) , -n3 = xi {yoy'2 - yiy'o) ■ (109) 



All results obtained can be presented in the table: 



(1) - 


(232) 


(yo, 


y2) , 


(^0, 


^3) 


(yo, y2) , 


{no, 


n2. 


n3, 


+ni) ; 


(1)' - 


(323) 


(^0, 


23) , 


(yo. 


y2) 


(^0' ^3) ' 


{no, 


ns. 


?^2, 


-"-1) ; 


(2) - 


(313) 


(^0, 


Z3) , 


{xo 


Xl) 


, (4, 4) , 


{no. 


ns. 


ni, 




(2)' - 


(131) 


(2^0, 


Xl) 


, {zo 


Z3) 


, (Xq, Xl) , 


{no. 


ni, 


"-3, 


-"-2) ; 


(3) - 


(121) 


(2^0, 


2^1) , 


(yo. 


y2) , 


(Xq, x'l) , 


{no. 


ni, 


?^2, 


+n3) ; 


(3)' - 


(212) 


(yo, 


y2) , 


(2^0 


Xl) 


, {y'o^ y2) , 


{no. 


n2. 


ni, 


-n3) ■ 



(110) 



We see that all six factorization according to (jl07p - (jlOSp - (jl09p have the same mathematical 
structure, therefore all six solutions can be produced by means of formal changes from results 
obtained for the case (3) - (121 ~ for simplicity we write down expressions for double angle 
variables: 
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COS a 



cos - , Xl 



sm-, 



sma 



(-nona + nin2) 



cos 6 = (riQ + n\ 



no 



ni), 



cos - , y2 



sm - , 
2 ' 



sin 6 



2 A/rag + nf A/nl + n| ; 



cos a 



a 

cos — , x\ 
2 ^ 



. a' 

sm — , 
2 ' 



(non2 - nina) 



sma 



(nons + nin2) 



no 



3-element factorization, special case 

For an arbitrary element from SU(2) 

[/ = no + mifji + in2(T2 + inacrs, n^ + n\ + n2 + n\ = +1 

let us introduce a 3-element factorization 

U = U1U2U3 = (xq + ixiai){yo + iy2(72){zo + izsas) ; 

which gives equations 

no = xoyozo + xiy2Z3 , m = -xoy2z-i + xiyo^o , 
"-2 = ^0^2 20 + xiyQZ^i , ns = xoyo^^s - 2;iy2^;o • 

At given n^ one should find (xq, xi), (yoi 2/2)1 (-^O) -23), parameterized by angle variables 

a a b b c c 

xo = cos - , Xl = sm - , yo = cos - , y2 = sm - , zq = cos - , Z3 = sm - . 

Eqs. (|224p can be considered as two linear systems under xo,xi: 

Xq yozo + Xl y2Z3 = uq , ( xq y2ZQ + xi yo^^s = "2 , 

-Xq y2Z3 + Xl yozo = ni ; \ xq yo^3 - xi y2ZQ = ns . 

Their solutions are respectively: 

_ no ypzo - ni 7/2^^3 _ ni t/oZq + no y2Z3 _ 

■^0 2 2 I 2 2 ' "^1 2 2 I 2 2 ' 

yo^o + ^2^3 2/0^0 + 2/2^3 

_ n2 y2Zo + n3 7/0^^3 _ -ns j/2^0 + "-2 j/0^3 

•^0 2 2 I 2 2 ' ''^1 2 2 I 2 2 ' 

One can exclude variables xo,xi from eqs. (jllSp : 

npypzo - ni y2Z3 _ n2 y2Zo + ns ypzs 
ylzl + ylzl ylzl + yg^f 

n-i yo^o + n-o ^2^:3 _ -^3 y2^:o + ^-2 yo^^s 

yo^o+yi^l ~ yi^o + yM 
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Alternatively, eqs. ()224p can be considered as two linear systems under yo,y2- 



yo XQZo + y2 xiZ3 = no 
yo xizo - y2 xqz^ = ni 

Their solutions are respectively: 

uqXo + nixi 



yo -- 
yo 



zo 

n2Xi + nsxo 

Z'i 



2/2 

2/2 



yo xiz^ + y2 xqzq 
yo xqz^ - y2 xiZo 



-niXQ + rioxi 

Z3 

-nsxi + n2Xo 
Zo 



n2 
n3 



Excluding the variables 2/0)2/2, we get 

noxo + niXi n2Xi + n^xo 



Zo 



Z3 



-nixo + mxi 

Z3 



-nsxi + n2XQ 
Zo 



Alternatively, eqs. (I224p can be considered as two linear systems under 2:0,2:3: 



Zo yoxo + Z3 y2Xi = no , 
Zo yoxi - Z3 y2Xo = m ; 

Their solutions are respectively: 

noXo + niXi 



Zo 



Zo 



yo 

n2Xo - nsxi 

2/2 



Z3 



Zo y2Xo + Z3 yoxi = n2 , 
-Zo y2Xi + Z3 yoxo = ns . 



-niXo + noxi 



Z3 



y2 

713X0 + n2Xi 



yo 



Excluding the variables 2:0,-23, we get 

noXQ + niXi 71-2X0 - 713X1 



-niXo + noxi 773X0 + 712X1 



2/0 



2/2 



2/2 



2/0 



(117) 



(118) 



(119) 



(120) 



(121) 



(122) 



Two last variants, (|119|) and p22|) . seem to be simpler than (|116p . First, let us consider the 
variant (jllOp : 



Zo {n2Xl + 773X0) - 23 (770X0 + 77iXl) = , 
Zo(-niXo + 77oXi) - Z3(-773Xi + 772Xo) = . 



(123) 



From vanishing the determinant 



(772X1+773X0) -(770X0 + 77iXi) 

(-771X0 + noxi) -(-773X1 + 772X0) 



it follows 



772773 Xi — 772 ^^O^^l + "^3 XoXi — 772773 Xo — 77o77i Xo + 77o XoXl — Hi XoXl + 77o77i Xi 

which may be rewritten as 

- (770771 + 772773) (Xq - xl) + (no + 77I - 77i - n^) XoXl = , 

2772n3 + 2no77i 



tg a 



77o + 77^ - 77^ 



77 



2 ' 



(124) 
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expressions for cos a and sin a are 



nk + n^ — n^—n 
cos a - u J i 



sm a 



\J {n\ + n| - nf - n^)2 + (2n2n3 + ^n^n^f 
2n2n3 + 2noni 



{n\ ^n\-n\- n|)2 + (271,2^3 + 2noni)2 
Now, in the same manner let us consider the variant (|122p : 

yo ("-2X0 - n-iXx) - y2 ("-o^^o + "-la^i) = , 
yQ{-niXQ + noxi) - y2(f^32;o + ^2X1) = . 

From vanishing the determinant 

(722X0 - ^3x1) - (tiqXo + nixi) 
(-nixo + noxi) - (71.3x0 + 712X1) 

it follows 

— 71271.3 Xq — n\ XqXi + n\ XqXi + 713722 x\ — nQTll Xq + TIq XqXi — XqXi + 72o?11 x^ = 

or 

- ("-2?T-3 + "-0?^l) (a^o - ^l) + ("-0 + ^3 - 72i - 712) XqXi = ; 

it may be written differently 

— (2722713 + 272o72i) COS o + (729 + n\ — n\ — n\) sin a = , 

which coincides with (|124p as it could be expected in advance. 
Turning back to (fT23D 

zo{n2Xi + 7i3Xo) - Z'i{nQXQ + nixi) = , 

Zo(-niXo + 72oXi) - Z3(-7l3Xi + 7l2Xo) = . 

we get (second equivalent variant is omitted) 

C ?2oXo + TliXi 



zq = cos 



Z3 = sm - 



2 (?2oXo + 72iXi)2 + (722X1 + 7l3Xo)2 

722X1 + 723X0 



2 (720x0 + nixi)2 + (712x1 + 713x0)^ 
Let us calculate sine: 

(729722 + ?2in3) sin a + 7io?23 (1 + cos a) + nin2 (1 — cos a) 



sine = 220^3 



{noXo + 72iXi)2 + (7l2Xi + 213X0)^ 

1 



X [(?2or23 + 721212) + 



(riQXQ + 72lXl)2 + (722X1 + 713X0)^ 
(720722 + r2l723)(27l2n3 + 27lo72i) + (7^07^3 - 7li722)(72g + nj - - uj) 
(72o +nl-n'f- 72^)2 + (2722723 + 272o72i)2 



(non3 + 721722) J ^ _^ 1 



(72oXo + 7iixi)2 + (712x1 + 723x0)2 y/{n^ + n^-nf- n^^ + (2212223 + 272o7ii)^ 
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Finding expression for denominator 

{noxo + nixi)^ + (n2Xi + 713X0)^ 

2 2\l + cosa 2 2\l~cosa 
= (77-0 + 723) h (ni +71,2) h (noni + 712723) sm a 



we arrive at 



- [1 + (tiq + n| — — 722) cos a + {2noni + 27x2723) sin a] = 
\ [ 1 + \l{nl + nl-nl- nlY + (2712723 + 272o7ii)2 ] , 



2(no7i3 + 721212) 

sine ^ 



{nl + nl-n\- + (2722223 + 27io72i)2 
Now let us calculate cose: 

(kq — Tig) (1 + cos a) + {n\ — n\){\ — cos a) + 2(no7ii — n2723) sin a 



cos 6 = 2;, 







2 [ (rioxo + niXiY + (212X1 + 713X0)^ 



= [l + ^J{nl+nl-nl- nlY + (2712213 + 272o2ii)2 ] 
X [ (rig — n\ + n\ — n^) + (rig — 213 — + n^) cos a + 2(7io7ii — 722723) sin a ] 



[ 1 + y (22^ + 2l| - 72f - + (2722723 + 222o72l)2 

X (Tig - 72i + 72? - 71^) [ 1 + 



that is 



cos c 



(720 + nl-nl- n|)2 + (2722Ti3 + 2noTii)2 

(72^ - T2| + nf - Tl|) 



■\/ (tI^ + Tl| - 72? - Tl|)2 + (2T22T13 + 22lo22l)2 

It is a matter of simple calculation to verify the identity 

(rig + n\-n\ - n^)"^ + {2n2n^ + 2nQnif = (rig -n\ + n\ - nl)'^ + {2non^ + 2nin2y 
Thus, the angles a and e are determined by relations: 

22n + 22q — Tl? — 72, 

COS a - u ^ i z 



sma 



^/{n^ + nl-n'f- n^Y + (2n2Ti3 + 2Tioni)2 

2722223 + 2noTli 



y^(Tlg + 72^ - Tl? - n^)2 + (2722T13 + 2tIo72i)2 

i) 



(2in - Tio + 22? - 
cos e - V u d i 



smc 



{uq -nl + n\- n\Y + {2nQnz + 2Tiin2)2 

2(tIo723 + TliTl2) 



\J{ni -nj+n'f- n^)^ + (2no723 + 22iin2)2 
Now, turning to (jl26p 

7/0(^2X0 - 723x1) - y2{nQXQ + 72ixi) = , 
?/o(-22iXo + TiQXi) - 7/2(2232:0 + "-23:1) = , 
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we get expressions for yo,y2' 

(noxo + nixi) 



yo 



\/ {n2Xo - nsxi)^ + {noxo + nixi)^ ' 



(nsxo-nsxi) 

^2 " ^2^r ^ • ^^^^^ 

Let us calculate sin b: 

. , „ noTi2(l + cosa) — 721713(1 — cosa) + (nin2 — nona) sina 

sin 6 = 2yoy2 = 7 tj— 7 ^2 • 

(7Z2X0 - 713X1 y + [noXo + niXi y 

Using expression for numerator 

7io7i2(l + cos a) — 7Zi7i3(l — COS o) + (7Zi7i2 — uqUz) sin a = 
= {non2 — niris) + {non2 + 711713) cos a + (711712 — 710713) sin a = 

= {non2 - 711713) [ 1 + u J i 2 1 



a/ {nl + nl-nj- + (2712713 + 27io7ii)2 
we get 

gi^j, ^ (no7i2 - nins) ^ ^ 7ig + ?if - 7i^ - nj 

(rZ2Xo - 7Z3Xi)2 + (7loXo + 7iiXi)2 i/(7lg + 7l| - 7lf - 7l|)2 + (2712713 + 27Zo7Zl)2 

Further, allowing for the expression for denominator 

(7Z2X0 - 713X1)^ + (tIqXo + 7ZiXi)^ = 

2 2\l + COSa 2 2\l~^OS^ 
= ("2 + %) 7> ^ ("3 + "-1) 7> ^ (^Om - 712713) sm a = 



- [1 + (7i| + 7io — 7i| — 7if) COS a + 2(7io7ii — 7X2713) sina 

1 nl + nj- nl - nj 



- 1 



2 1/ (7io + nl-n\- n^Y + (27i27i3 + 27ioni)2 
for sin h we obtain 

sin 6 = 2(7io?X2 — n\n^) . (136) 

Now, let us calculate cos 6: 



i 2 2 

COS 6 = yo - 2/2 



(7^0X0 + 7^1X1)2 -(7X2X0 -7X3X1)2 



(7X2X0 - 7X3X1)2 + (7X0X0 + 7XlXl)2 

Allowing for expressions for numerator 

(xXqXo + 7XiXl)2 - (7X2X0 - 7X3X1)2 = 

, 2 2\l + cosa 2 2\l~cosa 
= (^0 - "2) 7, 1- ("-1 - "3) 7, 1- {noni + 7x27x3) sma 



2 K'^o ~ ^2 + nf — 7x|) + (txq — 7X2 — 7xf + 7x|) cos a + 2(7Xo7Xi + 7x27x3) sin a ] 



= \ [("0 + nl-nl- 7x|) + sj {nl + nl-nl- 7x|)2 + (27x27x3 + 27Xo7Xi)2 ] (137) 
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and for denominator 

{n2Xo - nsxi)^ + {uoXq + nixif = 



_ {uq + n\-n2- n|) + yj{nl + nl - nj - n\Y + (2n2n3 + 2noni)2 
2 ^J {n\ ^n\-n\- + (277,2^3 + 2noni)2 

thus cos 6 equals 

cos 6 = {nl + nl-nl- n|)2 + (2n2n3 + 2noni)'^ . (138) 

It is easily verified identity 

sin^ b + cos^ b = 4(non2 — nins)^ + 4(n2n3 + noni)^ + (ng + n| — — n|)^ = 
= 4(ng + ni)(n? + ni) + (ng + - - n^)^ = (ng + nl + n? + nlf = 1 . 

In the end of the Section let us collect obtained results: the angles a, b, c are determined by 
relations 

nn + nl — n^ — nl 
cos a - u d i 2 



sma = 



1/ (no + ng - nf - tt-I)^ + (2ra2n3 + 2nQn{f ' 

2712713 + 2710^1 

a/ (tiq + nl-n\- + (2712713 + 2noni)^ ' 



cos 6 = (uq + nl-n\- + 4(712^3 + noui)'^ = 
= -\/l — 4(no?i2 — nin3)2 , sin6 = 2(7Zon2 — ?ii?^3) , 



/ 9 9,9 9\ 

cos c — ■ " 



^ (no - rig + 71^ - rz^)2 + (2710^3 + 2ni?i2)^ ' 

2(non3 + nin2) , , 

sm c = ■ (139) 

^y (ng - n§ + nf - n|)2 + (2non3 + 2nin2)^ 

They provide us with solution of the following factorization problem: 

U = U1U2U3 = {xq + ixiai){yo + iy2cr2){zo + iz-scis) ; 

xq = cos(a/2) , xi = sin(a/2) , 
yo = cos(6/2) , 7/2 = sin(6/2) , 
zq = cos(c/2) , Z3 = sin(c/2) . 
U = no + iniai + in2cr2 + in3C73 , 

no = xoyozo + xiy2Z3 , ni = -XQy2Zz + xiyozo , 

n2 = xoy2Zo + xiyoza , na = xoyoza - xiy2ZQ . (140) 
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All six types of 3-element factorization 

There exist six different 3-element factorizations: 



(1) U1U2U3, (1)' U1U3U2, 

(2) U2U3U1, (2)' U2U1U3, 

(3) U3U1U2, (3)' U3U2U1. 

Let us compare six correspondent sets of equations analogues to (|140p : 



(141) 



;i) - 123 , no = xovozo + xiy2Zs , = 
n2 = xoy2Zo + xiyoZ3 , ns 



-Xoy2Z3 + XiyoZQ , 

xoyozs - xiy2Zo ; 



(1)' - 132 , no = XQZoyo + {-Xi)z3y2 , -ni = -xoZ3y2 + {-xi)zoyQ , 
ns = XQZsyo + i-xi)zoy2 , n2 = XQZQy2 - {-xi)z3yo ; 



231 , no = yoZQXo + y2Z3Xi , 

"•3 = y0Z3X0 + y2ZQXi , 



n2 = -yaZ3Xi + y2ZQXQ , 
ni = yoZQXi - 2/223X0 ; 



(2)' - 213 , no = yoXQZo + i-y2)xiZ3 , 

ni = yoxizo + {-y2)xoZ3 



-n2 = -yoXiZ3 + {-y2)xoZo , 
n?, = yoXoZ3 - {-y2)xiZo ; 



(3) - 312 , no = ZQXoyo + ^3X1^2 , "-3 = -zoXiy2 + zsxoyo , 
ni = zo^iyo + Z3Xoy2 , n2 = ^0x02/2 - 23x12/0 ; 



(3)' - 321 



no = 202/0X0 + (-23)2/2X1 , 
n2 = 202/2X0 + (-23)2/0X1 



-ns = -Z02/2X1 + (-23)2/0X0 , 

ni = 202/0X1 - (-23)2/2X0 ; (142) 



Solutions for all six problems of (jl42p can be obtained from the result (I139P - (jl40p for (123)- 
variant with the help of formal changes described in the following table: 





a 


b 




c 






123 


(xo,xi) 


{yo, 


y2) 


(20,23) 


("-0, 


ni,n2,n3) 


132 


(xo,xi) 


(20, 


23) 


(yo,y2) 


(?T-0, 


-ni,n3,n2) 


231 


(yo,2/2) 


(20, 


23) 


(xo,xi) 


("-0, 


"-2,n3,ni) 


213 


(yo,2/2) 


(xo. 


>Xl) 


(20,23) 


("-0, 


-n2,n2,n3) 


312 


(20,2^3) 


(xo. 


>Xl) 


(yo,y2) 


("-0, 


"-3,?1-l,"-2) 


321 


(20,23) 


(yo, 


2/2) 


(xo,xi) 


("-0, 


-n3,n2,n2) 



(143) 



32 



Produced formulas describing all 2-clemcnt and 3-element factorizations of the transforma- 
tions of the groups SU(2) and S0(3,R) may be used in the context of the light polarization 
optics as a basic classification for resolving arbitrary polarization rotator into different sets of 
elementary ones of two or tree types: 



1 




I 




I 


R 




In 




In' 



6 Lorentz boosts applied to partly polarized light, 
Mueller formalism 

Let us detail applying Lorentz transformations to describe Mueller matrices acting on a partly 
polarized light. Ar this we can use analogy between a Stokes 4-vector of the partly polarized 
light and 4- velocity vector of a massive particle in relativistic kinematics 

5" = (/,Ip), [/" = (?7°, C/°V) ; 



(144) 



which behave in similar manner with respect to "Lorentz" transformations: 



^0 

L : 



ch— , Aj = i sh— e, , e 
2 ■' 2 ■' 

ch (3 — e sh /3 

-e sh 13 [5ij + (ch /3 - l)eiej] 

this boost transformation acts on Stokes 4-vector as follows 

/' = / (ch /? - sh /3 ep) , 
7'p' = / [ -sh /3 e + p + (ch /? - 1) e(ep) ] . 

or 

/' = / (ch /? - sh /? ep) , 

, -sh /? e + p + (ch /? - 1) e(ep) 

P — ■ 

ch /3 — sh /? ep 

Several special cases should be separated. 



The firs one 



The second one 



e p = , 7' = 7 ch /3 , p' 



, — sh /? e + p 

ch^a 



(145) 



(146) 



p = -l-pe , 7' = 7 (ch /3 - sh /? p) , 

p' _ g _ /3 + ch /? p ^ ^^^^^ 

ch [3 — s\i (3 p 

There exists " the rest reference frame" - where the partly polarized light becomes a natural 
light: 



Lo = ^o(/3o,n) , th/?o=j9, 



p' = 0, 7' = 7(ch/?o -sho/3th/3o) 



ch/3o ' 



(148) 
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The third one 



-p e , I' = I {ch. 13 + sk 13 p) , 
sh (3 + ch. 13 p 



p = p e 



ch /? + sh P p 



e; 



(149) 



here again there exists "the rest reference frame" Lq - where the partly polarized light becomes 
a natural light. 

Now, let us discuss the role of relativistic ellipsoid in polarization optics. To this end, 
first, let us consider a simple particular case e = (0,0, 1) for eqs. (1170p : 



r = 1 {chp - p3 sh (3) 
Pi 



P3 



P'2 



ch (3p3 — sh /? 
ch /? — p3 sh /3 ' 

P2 



(ch /3 -psshp) ' (ch (3 - ps sh /?) ' 

In virtue of the main property of Lorentz transformations, we have identity 



- p^) = I\l - p^ 



that is 



1 — p' 



1-p^ 



(ch p -pssh /3)2 
therefore the degree of polarization transforms according to the law 



p- 



1 



1-p' 



(ch P - P3 sh /3)2 



Let us express the variable ps through : 
ch P p'^ +shP 



P3 



ch P + shP p'3 
therefore eq. ()15ip takes the form 



ch P — p3 sh P 



ch /? + sh /? P3 



p^ = 1 - {1 - p^){ch p + sh p p'^y . 
It remains to shows that eq. (|152p represents an ellipsoid. Indeed, it reads 

Pi + p'i + P'i + (1 - /)2 ch p shp p'3 + {l- p^)sh^P pi = l-{l- /)ch2/3 



or 



Pi+P^+ich'p-p'^ sh^P) 



P3 + 



;i -p2)sh/3ch P' 



= p^ch'p - sh^P + 
and finally we arrive at the equation 

Pi + p'i + (ch'Z? - / sh2/5) (p'3 + 7)2 



ch^P - p2 sh^P 
1 - p^fsh^p ch^P 



ch^/3 - p2 sh^p 



P 

ch^P - p^sh^p ' 



(150) 



(151) 



(152) 



(153) 
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where 



(1 - p2) sh /3 ch /3 



- = ch^/3(l - p^) + > . 



Equation (jl53p describes an ellipsoid. 

These results can easily be extended to a general case of arbitrary transformation L: 



I' = 1 {chf3-shp (ep)) , 
Again, one can apply the identity 
l'^(l-p'2) = /2(l-/) 
and exclude the variable p: 



, _ p — e sh /? + (ch P — 1) e (ep) 
ch /? — sh /? e p 



I — p 



[ch /3 - sh /? (ep) 

p' + e sh /? + (ch /3 - 1) e(e p') 
ch /3 + sh /? e p' ' 



(154) 



and 



ch /3 — sh P{ep) 



(155) 



ch /? + sh /3 ep' 
Thus, eq. (jl54p will takes the form 

this is an equation of an ellipsoid oriented along the vector e. 

7 On small Lorentz group for time-like vectors 
of a partly polarized light 

Now let us specify the known in relativistic kinematics problem of stationary Lorentz subgroup 
in the above parametrization and in the context of polarization optics: 



L,"(fc, k*)Sa = +Sb , S'^Sa = inv > ; 
or taking into account relations (|223p L = AA* = A* A, eq. (|157p reads 



As = iA 



s 



[A -{A 



5 = 0, 



(157) 



(158) 



where 



A 



ko 


-ki 


-k2 


-ks 


-ki 


ko 


-iks 


ik2 


-k2 


iks 


ko 


—iki 


-k3 


-ik2 


iki 


ko 



, (A*) 



k* 


kl 




k* 


^1 


k* 


—iki 


ik2 


^2 


ik^ 


k* 


-iki 


k* 


—ik2 


iki 


k* 
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Therefore, eq. (jl58p takes the form 



-{ki + kl) 
-iks + k*,) 



-{ki + kt) 
(ko - k*,) 
i(/c3 - k^) 
-i{k2 - /C2) 



-{k2 + kl) 
-i{k3 - fcg) 

(ko - k*o) 
i{ki - kl) 



C3 + ^3*) 
h - kl) 
fci - kl) 
Co - kl) 



Sq 

Si 
S2 
S3 



(159) 



which with the use of notation 
reads 



-irij + rrij 



irriQ 


—mi 


-m2 


-ma 




So 


—mi 


imo 


-713 






Si 


— 1712 


ns 


imo 


-ni 




S2 




-n2 


rii 


imo 




S3 



(160) 



It may be noted that when imposing restriction mo = 0, mj = we arrive at 






1^3 
-n2 





-713 







n2 
-ni 




So 
Si 
S2 
S3 



n = — 



(161) 



which corresponds to rotational 1-parametric group 0(0, n) leaving invariant vector S = ^n. 
In general case eq. (|160|) can be rewritten as follows 

im^So — miSi — m2S2 — rnsSs = 
— mi5o + imoSi — 71,352 + 7125*3 = 

-77125*0 + ri35i + 777705*2 - 71i53 = 
— 77l35o — 7725l + 77i52 + imoSs = 

To satisfy these 4 equations one must require identity 7770 = 0, then 

777 i5i + 777,252 + 777353 = 
-miSo - 77352 + 77253 = 
-77725o + 7735i - 71i53 = 
-77735o - 7725l + 77i52 = . (162) 

It is easily seen that the first equation can be derived from 3 remaining ones, so we have only 
three independent equations making linear system under 77i , 772 , 773 : 



+ 53 772 - 52 773 = "7i 5o 
-53 771 + + 5i 773 = 771-2 5o 
52 771 - 5i 772 + = "73 5o 



(163) 
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This system can be resolved under rrij (remembering on pj = Sj/Sq): 
mi =pzn2- P2 m , m2 = -pa ni + pi , 

1713 = P2 — pi n2 , that is m = n x p . (164) 

Thus, the problem of stationary subgroup is solved (first it was done by Winer [...]) 

L^»(/c, k*)Sa = , S'^Sa = inv > ; 

kQ = riQ + iQ , k = — i n + n X p . (165) 

There exist special and simplest case when n || p: then m = and we arrive at a 1- 
parametric subgroup in S0{3.R). 

There exist simple considerations that help to have understood more on the structure of the 
above small (or stationary) subgroup. They are based on the use of a Lorentz transformation 
to a rest reference frame. Indeed, 

S = (So, S) = (So, Sop n) , S'^'' = (SJ''*, 0, 0, 0) , 

Lrest = O -^o(/3o, n) , , O Lo S = Brest , (166) 

In the rest reference frame the problem of stationary subgroup can be solved straightfor- 
wardly: 

Lstat — O , O Srest — S^est ^ 

O'O LoS = LqS =^ Lq^ [O-^O'O] LoS = S (167) 

therefore in any reference frame the stationary Lorentz subgroup is isomorphic to a rotation 
group (realized by matrices O"): 

Lstat = [ O-^O'O ] Lo = Lq^ O" Lo (168) 

8 Lorentz boosts applied to a completely polarized light 

Let us detail applying Lorentz transformations to describe Mueller matrices acting on a com- 
pletely polarized light. Ar this a Stokes 4- vector is 

3" = {I, In), n2 = l; (169) 

which under "Lorentz boost" 



L 



ch P — e sh (3 

-e sh (3 [6ij + (ch /? - l)eiej] 



this boost transformation acts on Stokes 4-vector as follows 

w T / , ^ , ^ N / — sh B e + n+ (ch d — 1) e(en) , „ , 

7' = / ch /3 - sh /3 en , n' = ^ ^ LA-^ . 170 

ch /? — sh /? en 

Several special cases immediately is seen. 
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The first one: 



en = , I' = I ch/3, n' 



The second one: 



e = + n , 



, n — sh /3 e 



n = 



I' = 1 {dip -shp) = I e-^ , 
-sh /3 n + n + (ch /3 - 1) n 



ch/3 -sh/3 



+n 



and similar the third one: 



(171) 



(172) 



n 



n = 



r = I {ch(3 + sh /9 ) = / 
sh /3 n + n + (ch /3 — 1) n 



ch /3 + sh /3 



= +n 



(173) 



9 On small Lorentz group for isotropic vectors 
of a completely polarized light 

Now let us specify the known in relativistic kinematics problem of stationary Lorentz subgroup 
in the above parametrization and in the context of polarization optics: 



L^'*(A:,/c ) Sa — +5*6 , S"'Sa 
with the help of the factorization L = AA* = A* A, 



0; 



As = {A* 



s 



[A - (A* 



s = o, 



and further we get 



(fco - fco*) 
-ih + kt) 



-ih + kl) 
{ko - k*,) 

-i{k2 - kl) 



ko 



-{k2 + k* 
-i{ks 

{ko 
i{k\ 



kV) 



-{ks + k*) 
i{k2 - fc|) 
-i{ki - kl) 
{ko - k*,) 



I 

Ipi 



or 



ko = no + imo 



-irij + rrij 



imo 


—mi 


—m2 


-ms 




I 


—mi 


imo 


-ns 


n2 




Ipi 


-m2 


ns 


imo 


-ni 




IP2 


—m^ 


-n2 


ni 


imo 




IP3 



When imposing restriction mo 








-n2 



0, mj 


"3 n2 

-m 
m 



we arrive at 



/ 
Ipi 

IP2 

Ips 



= 



n = 



= 



(174) 
(175) 

(176) 



(177) 



(178) 
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which corresponds to rotational 1-parametric group 0{(p,p) leaving invariant vector p. 
In general case eq. (|160p can be rewritten as follows (one must require identity niQ = 0) 



mipi + ni2P2 + ni3ps = 

-mi - n3P2 + n2P3 = 

-1712 + nspi - nip-i = 
-ma - n2Pi + nip2 = . (179) 

The first equation can be derived from 3 remaining ones, so we have only three independent 
equations 

mi = P3 "-2 - P2 , m2 = -ps rii + Pi ng , 

m3 = P2 ni — pi 722 , that is m = n x p . (180) 

Thus, solution of the problem of stationary subgroup is given by the same relations as in 
time-like case: 

V(A:,r)5„ = +5fe, S''Sa = 0; 

ko = no + i , k = — zn + nxp. (181) 

There exist special and simplest case when n || p: then m = and we arrive at 1-parametric 
subgroup in S0{3.R). 

10 On transitivity problem LS = S' in polarization optics 

Now let us specify the known in relativistic kinematics the transitivity problem in the above 
parametrization and in the context of polarization optics 



L.^^ik^k*) Sa = +Si. (182) 

From the very beginning, it should be mentioned on some peculiarities in the problem. 
Indeed, if Lorentz matrix a Lorentz transitivity matrix L obeys the equation LS = S' , then 
L (LstatS) = L'gf^^S' , and therefore 

[ i^'stat) ^stat ] S = S' =^ 

{L'g^^f_)~^L Lstat is a transitivity matrix as well (183) 

In other words, in general, a transitivity transformation L S = S' is determined with a 
6-parametric freedom. The later should be taken into account when searching for explicit rep- 
resentation for a transitivity matrix. 

With the use of factorized representation of the Lorentz matrices, the problem reduces to 

A*S = A-^S' , and AS = {A*)-^ S' , (184) 
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so that 



and 



^0 


-K 


^2 






So 




■ 


-kl 




ik^ 


—ik2 




Si 




ki 


7 * 


• 1^ 

— IK^ 


1 * 
Kq 


ikl 




S2 




k2 


— ^3 


ik2 


-ikl 


k* 




S3 




k3 


ko 


-ki 


-k2 






So 






-ki 


ko 


-iks 


ik2 




Si 




ki 


-k2 


iks 


ko 


—ikl 




S2 




^2 




—ik2 


ikl 


ko 




S3 







ki 

ko 
-ik-i 

ik2 



ik^ 



k2 
iks 

ko 
-ikl 



ik*. 



ks 
-ik2 
ikl 

ko 



-ikl 

kn 



0/ 

S'l 
S'2 
S', 



S'l 
S'2 
Si 



(185) 



Summing and subtracting equations wc get (remembering ko = no + imo , kj = —irij + rrij 



no 


—mi 


-771,2 


-ni3 




So 




no 


mi 


m2 


nis 




S'o 


—mi 


no 




n2 




Si 




mi 


no 


ns 


-n2 




S'l 


—1712 


ns 


no 


-ni 




S2 




m2 


-ns 


no 


ni 




S'2 


-ma 


—n2 


ni 


no 




S3 




m3 


n2 


-ni 


m 




S's 



-mo 


-ni 


— n2 


-ns 




So 




mo 


-ni 


— n2 


-773 




S'o 


-ni 


-mo 


ms 


-7712 




Si 




-ni 


mo 


7773 


-7772 




S'l 


-n2 


-nis 


-mo 


7711 




S2 




-n2 


-777,3 


777,0 


7771 




Gl 
•^2 


-ns 


m2 


—mi 


-mo 




Ss 




-ns 


777,2 


— 777,1 


mo 




nf 
•^3 



These give linear equations: 

no {So - S'o) - mi {Si + S[) - m2 {S2 + S'^) - ms {Ss + Si,) = , 
-mi {So + S'o) + no {Si - S'l) + n2 (S3 + -S^) - n3 {S2 + S'^) = , 
-m2 {So + S'o) + no {S2 - S'^) + ns {Si + S'l) - m {Ss + 4) = , 
-ms {So + S'o) + no {Ss - 4) + "1 (-52 + S'^) - n2 {Si + S'l) = , 



- mo {So + S'o) - ni {Si - S'l) - 772 (^2 - S'^) - m {S3 - S'^) = , 
-Til (5*0 - s'o) - mo {Si + S'l) - 7772 (5*3 - S'3) + 7773 (S'2 - s'2) = , 

-772 (So - So) - Tno (S2 + s'2) - 7773 (Si - s'l) + 7771 (S3 - S3) = , 

-n3 (So - s'o) - mo (S3 + S^) - 7ni (S2 - S'2) + m2 (Si - S',) = . (186) 

For a special (non-relativistic) case Sq = Sq = /, the system (??) becomes simpler (also let 
us impose additional restrictions mo = 0, mj = 0): 

no (Si - Si) +n2 (S3 + S's) - ns (S2 + S^) = , 
no (S2 - S^) +n3 (Si + S'l) - m (S3 + S^) = , 
no (S3 - S^) +ni (S2 + S'2) - n2 (Si + S'l) = , 
-m (Si - S'l) - n2 (S2 - S'2) - ns (S3 - S^) = , (187) 
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-no {Si 


-s[), 


-no {S2 




-no (.S3 





Here the fourth equation follows from three first: 

n2 {Ss + 5^) - na (^2 + S!,) 
ns {Si + S[) - ni (53 + S'^) 
ni {S2 + 5^) - n2 (5i + S[) 

or in vector form 

n X (S + S') = -no (S - S') . (188) 

Solution can be constructed with the help of the substitution n = a S + N- S' + 7 S x S' , then 

(a - iV_) S X S' + 7 [ S' 5^ + S' (SS') -SS^-S (SS') ] = 
= — ngS + noS' = a , no = 7 {S"^ + S S') ; 

therefore 

S X S' 

n = Q (S + S') + no —2 , a is arbitrary . (189) 

The most simple result is when an arbitrary parameter a vanishes: 

S X S' 

n = no -^2Tpg-g7 , SS' = S'^cosc/) , 

S X S' = 5^ sin (j) no , no = cos ^ , n = cos ^ no , (190) 

what is well-known and evident from geometry consideration. 
Let us turn to the general (relativistic) case (|186p : 

mi {Si + S[) + m2 {S2 + S'2) + ms {S3 + S'3) = no {So - S'o) , 
mi {So + S'o) - n2 {S3 + S'3) + n3 (^2 + 5^) = no (5i - S'^) , 
ni2 {So + S'o) - ns {Si + S'l) + ni (S'3 + S'3) = no (^2 - S'2) , 
ni3 (So + S'o) - ni {S2 + S'^) + n2 {Si + S'l) = no {S3 - S'3) , 

- ni {Si - S'l) - n2 (S'2 - S2) - n3 (S3 - S'3) = mo (S'o + Sq) , 
-ni (So - S'o) - m2 (S3 - S'3) + m3 (S2 - S'2) = mo (S'l + S'l) , 
-n2 (So - S'o) - m3 (Si - S'l) + mi (S3 - S'3) = mo (S'2 + S2) , 

-n3 {So - S'o) - mi (S'2 - S'2) + m2 (S'l - S'l) = mo {S3 + S'3) . (191) 

restrictions must hold 

no + n^ — mo — = 1 , nomo + nm = ; (192) 

therefore existing trivial solution n^ = 0, m^ = of eqs. ()19ip has no interest. Eqs. (|19ip may 
be rewritten in vector form: 

(1) m (S + S') = no {So - S'o) , 

(2) n (S - S') = -mo {So + S'o) , 

(3) m (So + S'o) + (S + S') X n = no (S - S') , 
(4) n {So - S'o) - (S - S') X m = -mo (S + S') . (193) 
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It must be noted that non-relativity restriction 5o — = immediately leads to relations 
m = and mo = 0. 

Below we will presuppose a relativistic case only, when excluding the variables mo, uq in eqs. 
(|193p is possible: 

m(S + S') n(S-S') 

^0 = ^ , mo = ; (194) 

Do — ^o DO + Dq 



remaining equations are 



m (S + S') 



m(5o + go) + (S + S0xn= ^ '/ (S - S') , 

Do — Dq 

n (go - S',) - (S - SO X m = (S + S') • (195) 

Do + Dq 

Let us introduce notation So ± S'q = , S it S' = , and substitutions: 

n = iV+ S+ + iV_ + iV X S+ , 

m = M+ S+ + M_ + M X S+ , (196) 
equations (jl95p take the form 

(M+ S+ + M_ + M S- X S+) + S+ X (iV+ S+ + iV- S" + iV S" x S+) = 

= [(M+ S+ + Af_ + M S- X S+) S+] — , 

(iV+ S+ + iV_ + iV X S+) Sf^ -S- X (M+ S+ + M_ + M x S+) = 

S+ 

= [(A^+ S+ + iV_ + iV S- X S+) S-] — . 

Sq 

or 

5(f (M+ S+ + M_ + M X S+) - iV_ (S" x S+) + iV [ (S+S+) - S+ (S+S") ] = 

= [M+(S+S+)+M_(S- S+)]|^, 

^o" (iV+ S+ + iV_ S" + iV S" X S+) - Af+ (S- X S+) - M [ S~ {S'S+) - S+ (S'S") ] = 

= [iv+(s+s-) + iv_(s-s-)]|^. 

Further, we arrive at 6 relations on parameters N±, N, Alj-, M: 

M+ 5+ - iV (S+S-) = , 
iV_ Sq -M {S-S+) = , 

M S^ - N_ = , (197) 
N Sq -M+ = 0, 
_ M+ (S+S+) +M_ (S^ S+) 



M_ 5+ + iV (S+S- 



5o- 



Dq 
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In the first four equations one can see redundant ones; indeed from them it follows 

M+ = N , NS^=M+, 

N_ = M ^ ' , M S+ = iV_ , 

they both result in 

(S^S^) = SqSq <^=^ SqSq — SS = S'qS'q — S'S' = inv . 
Therefore, the system (I198P is equivalent to 

M = — , N 



(S+Sf^) M_ + (S+S+) M+ = (S+S+) M+ + (S+ S-) M_ 

(5o+5o-) N+ + (S-S-) Af_ = (S+S-) Af+ + (S" S") N_ ; (199) 

two last equations give 

[ (S+S,) - (S+ S-) ] M_ = , [ (Sj-^o") - (S+S-) ] iV+ = , 

or 

[ (^oS'o - SS) - {S'oS'o - S'S') ] M_ , M_ is arbitrary , 
[ (SoSo - SS) - {S'oS'q - S'S') ] iV+ = , N+ is arbitrary . 



Thus, solution for transitivity problem is given by 

Af 

n = 7V+ S+ + iV_ S" + — {S- X S+) , 
m = M+ S+ + M_ S" + ^ (S" X S+) , 

Sq 

M+ (S+S+) + A/_ (S-S+) 
no = 



(200) 



o- 

jv+(s+s-) + iv_(s-s-) 

"io = ^ ; (201) 

additional restrictions on 4 parameters M±,N± must hold: 

rig + — ttiq — = 1 , noniQ + nm = ; 

These solutions may include many different cases. For example, let us consider a simpler 
case when M_|_ = and = 0: 

no = ^^^^f^ = M_5o+ , n = iV+S+, 
mo = = -N+S^ , m = Af_ S- , (202) 
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and two restrictions must hold 



noruQ + nm = , ng + — ttiq — = 1 . 



The first holds identically 

M_ (S+S-) Af+ (S+S-) .^^ ^_ 

nomo + nm = ^ ^ + ^+ ^ ^ = 

= M_iV+ (S+S-) [ '^o^'^o' - (S+S-) ] ^ ^ ^ 

The second one gives restriction on and N'^: 

Ml (5+5+ - S-S^) - Nl {SqSq - S+S+) = 1 , 

where 

5o+5o+ - S-S- = (50^ - S2) + {S'i - S'2) + 2(5o5^ + SS') , 
5o"5o" - S+S+ = (50^ - S2) + {S'i - S'2) - 2(5o5^ + SS') . 

One may reach more simplicity in (j202p by two ways: 
iV_|_ = (pure Lorentz boost) 

no = M_5^ , n = , 
mo = , m = Af_ S~ , 
ka = M^S^ , k = M_S- , 

Af2 (5+5+ - S^S^) = 1 ; (203) 

the simplest example of that type is 

(5o, 5i, 52, 53) =^ (5o, 5i, 52, 53) , 
= M_{So + S'o) , ki = 0, k2 = 0, ks = M_(53 - 5^) , 

^- = [(5o - 5^) + (5^ + 5^)] [(5o + 5^) + (5^ - 5^)] ' 
M_ = (combination of boost and rotation) 



no = , n = iV+ S+ , 
mo = —N^Sq , m = , 
A;o = N+Sq , k = -i Af+S+ , 

-iV2 (5-5-_S+s+) = l; (205) 

the simplest example of that type is 

(5o, 5i, 52, 53) =^ (5g, — 5i, — 52, 53) , 
fco = A^+(5o - 5^) , A;i = 0, A;2 = 0, k^^ = N+iS^ + 50 , 



2 



-1 



(5o - 502 _ (5. + 5/ )2 
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It is easy to show that > 0: 



{So, S3) = J(ch7, sh7) 



Ni 



('S'0,5'3) = J(ch7', sh7') , 
1 

> . 



(206) 



2J2[ 1 - (ch 7 ch 7' + (sh 7 sh 7')] 2J2 [ ch (7' - 7) - 1 ] 
Let us verify the formulas (j203p (at real ka) when turning to eqs. (jl85p : they take the form 



ko 


-ki 


-k2 


-k3 




So 




ko 


ki 


k2 


k3 




0/ 


-ki 


ko 


ik3 


-ik2 




Si 




ki 


ko 


ik.3 


-ik2 




S'l 


-k2 


-iks 


ko 


iki 




S2 




k2 


-iks 


ko 


iki 




S'2 


-k3 


ik2 


—iki 


ko 




S3 




h 


ik2 


—iki 


ko 






ko 


-ki 


-k2 


-k3 




So 




ko 


ki 


k2 


k3 






-ki 


ko 


-iks 


ik2 




Si 




ki 


ko 


-ih 


ik2 




S'l 


-k2 


iks 


ko 


—iki 




S2 




k2 


ih 


ko 


—iki 




S'2 


-h 


-ik2 


iki 


ko 




S3 




h 


-ik2 


iki 


ko 




S'3 



It suffices to check only the first system that looks 

koSo - kiSi - k2S2 - k3S3 = koS'^ + kiS[ + k2S2 + ksS'^ , 
-kiSo + koSi + ik3S2 - ik2S3 = kiS'f) + koS[ + i/cs^a - ik2S'^ , 
-k2So - ik3Si + koS2 + ikiSs = k2SQ - iksS'i + koS2 + ikiS'3 , 
-ksSo + ik2Si - ikiS2 + koSs = fcsSg + ik2S'i - ikiS'2 + koS'3 , 
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or 



or 



koS^ - kS+ = , 
-kiS^ + fco'S'f + ik3S2 — ik2S^ = , 
-k2SQ — ik3Si + koS2 + ikiS^ = , 
-/caS'd + ik2Si — ikiS2 + koS^ = , 



-kSf^ + koS- +iS- xk 







feoS(7 - kS+ = , 
the later give identities when allowing for eqs. (j203p : 

M^S^Sq - M_S"S+ = , -M^S-S^ + M-S^S- + i x M_S" = . 
Similarly, let us verify the formulas ()205p (at imaginary ka): eqs. (I185P take the form 



-ko 
ki 
k2 
k3 



ki 
-ko 
ik3 
-ik2 



k2 
-ik3 
-ko 
iki 



k3 
ik2 
-iki 

-ko 



So 
Si 
S2 
S3 



ko 
ki 
k2 
k3 



ki 
ko 
-ik3 
ik2 



k2 
ik3 
ko 

-iki 



k3 
-ik2 
iki 

ko 



0/ 

S'l 
S'2 
S', 
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-h 


-k2 






So 




-ko 


-ki 


-k2 


-k3 






-h 


ko 


-ih 


ik2 




Si 




-ki 


-ko 


iks 


-ik2 




s[ 


-k2 


iks 


ko 


—iki 




S2 




-k2 


-ik3 


-ko 


iki 




S'2 


-h 


-ik2 


iki 


ko 




S3 




-ks 


ik2 


— iki 


-ko 




S'3 



It suffices to check the first equation that gives 

- koSo + kiSi + k2S2 + fcaS'a = koS'o + kiS'i + k2S'2 + k-^S'.^ , 
kiSo - koSi - ik3S2 + ik2S3 = kiS'o + koS[ + ik^S^^ - ik2S'^ , 
k2So + ik3Si - koS2 - ikiSs = k2So - ik^S'i + koS2 + ifciSg , 

kiSo - ik2Si + ikiS2 - feoS'a = fea^o + ik2S'i - i/ciS'2 + koS'^, , 



or 



- koS'^ + kiS^ + k2S2 + ksS^ = , 
kiS^ — koS^ — ik?jS2 + ik2S^ = , 
k2So + ik3Sf — koS2 — ikiS^ = , 
k^SQ — ik2Sf + ikiS2 — koS^ = , 



that is 



koS+ + kS- = , 



kiSn 



iS+ X k = 



the later give identities when allowing for eqs. (j205p : 



i N^Sq Sq 



i N,S+S- 







-i N+S+Sq + i N+SqS+ + iS+ xi N+S^ 







In the end of the Section let us turn again to relations providing solutions solution for 
transitivity problem (j202p : 



n = iV+ S+ + iV_ + 



Sq 

N. 



(S- X S- 



m = M+ S+ + M_ S" + ^ (S~ X S 



no 



mo 

noTTio + nm = , 



M+ (S+S+) +M„ (S-S+) 

Sq 

N+ (S+S-) + iV_ (S^S-) , 



Sr, 



2 I 2 

^0 + n 



rrin 



m 



and consider explicit form of restrictions (|208p on 4 parameters M± , A^^^ . 
Allowing for relations 



(208) 



nomo 



S+S+ + M_5^ 



^0^0 



N. 

On 



S-S" 



(S+S+)(S-S-) +M+iV+ S+S+ + Af_Af_ S^S" +M^N+S^Sq 
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mn = S+ + M_ S- + ^ (S" x S+)^ (^N+ S+ + iV_ + ^ (S" x S+)^ = 

= M+iV+(S+S+) + M_iV_ (S-S") + (M+iV_ + M_iV+)(S+ S") + 

[ - (s+s-)^ ] = 

= M+N+{S+S+) + M_iV_ (S-S-) + M_iV+5+5o- + ^^^^ (S-S-)(S+S+) 
we arrive at identity = 0: 

hquiq + nm = 

= _ ^+^- (S+S+)(S-S-) - M+iV+ S+S+ - M_N_ SS- - M^N+S^S^ + 
+M+A^+(S+S+) + M_Ar_ (SS-) + M^N+S+So + ^^^^ (S-S-)(S+S+) = 

Sq Sq 

= -M_N+iS+S^-S+S^)^0. 
Now let us turn to second equation; allowing for relations 

nl = (S+S+)2 + 2M+M_|^ (S+S+) + m! 5o+5o+ 

n2 = {N+ S+ + N^S- + ^ (S- X S+)) (iV+ S+ + iV_ S" + ^ (S" x S+)) = 
= A^^ (S+S+) + N^iSS-) + 2N+N_ S+S^ - S+S+mI + — ±^ (S+S+)(S-S-) , 

= (M+ S+ + M_ S- + ^ (S- X S+)) (M+ S+ + M_ + ^ (S^ x S+)) = 
= (S+S+) + m!(S-S-) + 2M+M_ Sq+Sq- - -So^-So-iV! + — — (S+S+)(S-S-) , 



0+ Qi 
'-'0 '-'0 



we reduce the second equation to the form 



Ml .„^„^., 5+ 



- {S+S+f + 2M+M_-2- (S+S+) + Ml 5+5+ + 



5q 5q 5o 
+iV2 (S+S+) + iV! (S-S-) + 2Ar+iV_ 5+5o- - S+S+mI + — ^ (S+S+)(S-S-) - 

- (S-S-)2-2Ar+iV_-^(S-S-)-iV2 5o-5o-- 



-M^(S+S+) - (S-S-) - 2M+M_ 5+5(7 + ^o"^o"^- - —f^ (S+S+)(S-S-) = 1, 
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which after evident simphfication reads 



Mi 



-i- (S+S+)2 - S^S^ + -i- (S+S+)(S-S- 



+2M+M_ (^1^ (S+S+) - 5o+5o-^ + m! [ 5o+5o+ - (S-S 

s+s+)(s-s-) 



0+ 



(S S )^ 



0+ 0+ 



+ 



+2iV+iV_ (^|o^ (S-S-) - S+S,^ + Nl [ S,S, - (S+S+) ] + 1 



(209) 



This equation on 4 parameter let us designate as 

F{S,S'; M±,iV±) = l 

This second-order surface in 4-dimensional real space (equation on 4 parameters M± , N± , 
coefficients of which depend on 4 parameters Sq = a, S"'"S"'", Sq = b, S~S~) describes a 3- 
dimensional manyfold of all possible transitive transformations L relating two Stokes 4-vectors: 
LS = S'. 

In the context of polarization optics this means that at given Stokes vector Sa and S'^ a 
Mueller matrix referring them cannot be measured unambiguously - the freedom is given by 
3-dimensional manifold of corresponding Mueller matrices. 

To determine (or to measure) a Myuller matrix of the optical device in fact one need 4 pairs 
of Stokes vectors (or 4 different experiments with light): 





— '5(1), , 


F(M±, 


N±; 


5(1), 


5(1)) 


= 1 


L2S(-2) 


= '^'(2) ! ' 


F(M±, 


N±; 


5(2), 


5(2)) 


= 1 


-^35'(3) 


— '^(3)" 


F(M±, 


N±; 


5(3), 




= 1 


^45(4) 


= s'j^i) ; ) 


F{M± 




5(4) 


' 5(4)) 


= 1 



11 Polar decomposition of Mueller (Lorentz) matrices 

Because Euclidean rotation and Lorentzian significantly differ physically in the context of Mueller 
matrices let briefly consider the problem of factorization arbitrary Lorentz transformation into 
product of rotation and boost (surely this matter is well known in the literature on relativistic 
kinematics, see for instance in [4j ). 

It is convenient to make analysis upon spinor representations of the Lorentz group: 

B(k) = fco + k a = (ao ~ f?)(^o + b it) 
= (ao^o — i ah) + { aQ h + a X h — i bo sl) (T , 
/cq + k*(T = (ao + iacj)(6o + bcj) = 
= (ao6o + iab) + (aob-|-axb + i6oa)a; (211) 
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which is equivalent to the system 



or 



ko = {aobo - i a b) , /cq = (^o&o + i a , b) 
k = (aob + axb — ifto^); ]<* = {aoh + axh + iboa) 

ko + k^ _ ko-kQ 



aobo , — Trr-^ = - a b , 

— - — = ( ao b + a X b) , = 60 a . 

With additional restrictions: 

+ a^ = +1 , ao = ± \/l - a2 , 
6g-b2 = +l, bo = +Vl + b2 > +1 

eqs. (|212p take the form 



no = ± \/l — a^ a/i + b^ , rriQ = — a b , 
m = ( lb a/i — a^ b + a X b) , n = \/l + b^ a . 



From whence it follows 



no 



lb \/l — a^ yl + b^ , rn-o = — a b 
m b a b n a 



With the help of variables A, B: 



i= = B, bo = VT^=^ ■ ^ 



b 



lb A , ag = =b \/ 1 — a^ = -^=^= , a : 



i^/r^:^ ±vi + A2 vi + A2 

eqs. (|214p read 

11 A B 



V1 + A2 V1-B2 ' V1 + A2 vr^^ 



— = B + AxB, — = A 

no no 



The vector B may be resolved into a linear combination 

B = i/n + /im + o"nxm 



which must obey 



m n X 

— = i/n + um + crnxmH x (z^n + um + crnx m) 

no no 
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or 



m , ^ , •2^ 

— = i/n + /um + (jnxmH nxmH (nmj n (n j m 

no no no no 



Therefore, we have the system 



(nm)=0, — = /u ^ — CJ + — =0 

no no no no 



with evident solution 



1 no (nm) 



2i9'r^ 2i9' 2i9 U2i9 

nQ + '^o "I" ^0 ^0 + 1^ ''^0 + 

Thus, the factorization we need is found: 

no-ina 1 ^ 

A;o + k = ( , , J (^=== + 



\^fT^ Vr^B2 V1-B2' ' 

no m — mo n + m x n 
B = 5 K . (2 

ng + 

The problem of factorization may be solved easily with opposite order: 

/cq + k = (6o + b a){ao — ia. a) 
= (ao6o — iab) + (aob — axb — i6oa)o^) 

^0 + k*(T = (6o + b(T)(ao + iair) = 
= (ao^o + iab) + (aob — axb + i6oa)(T; (2 

it reduces to the system (in comparison with (j21ip only the sign at the vector product has b 
changed on opposite) 

ko = (oofoo - i a b) , /cq = (ao^o + i a b) , 
k=(aob — axb — i6oa), k* = (aob — axb + i6oa, ) 



or 



no = ao6o , mo = - a b , 
m = ( ao b — a X b) , n = 6o a . (2 



Further analysis is the same, the final result is 



1 Bcr no -ma 

VI - B2 VI - B2 y/ng + n2 



g no m — mo n — m x n 

~ nH + n2 



50 



12 Superposition of two boost, Thomas precession in optics 

Superposition of two boosts is given by 

% + W a) {bo + ha) = 
= 6060 + b'b + {b'^h + 60b' + ih' xh)a = 
= (no + imo) + (—in + m) a 



where 



no 



m-o = , 



b'.bo + b'b 



n = b X b' , 
m = bnh + 60b' 



And factorization we need to describe Thomas precession is (see (|217p ) 



(221) 



(60 + b' a) {bo + b (j) = (no + imo) + {-in + m) a 



no 



m a 



)( 



B a 



where 



B 



no m — TTT-o n + m X n 



{b'obo + b'b) {b'oh + 60b') + {b'^h + feob') X (b X b') 



{b'^bo + b'b)2 + (b X b 



'\2 



(222) 



13 Polarization of the hght, Mueller formalism in isotropic basis 

At working with Lorentz group, a special, so-cahed isotropic formahsm by Newmann and Penrose 
[11| . was elaborated. It can be used in the context of description of the light polarization as 
well. Let us relate this technique with the above treatment. 

The Lorentz matrix (j48p . after the change of variables Ao = ko , Aj = ikj , takes the form 



ko 


-ki 


-k2 








-kl 


^2 


—k* 


-ki 


ko 


-iks 


ik2 


, A* = 


-kt 


Ko 


ik*s 


^^2 


-k2 


iks 


ko 


—ikl 


—k'2 


—ik^ 


k* 


ikl 


-k3 


-ik2 


ikl 


ko 






ik2 


-ik*i 





L = AA* = A* A , A 



Transforming to the isotropic basis is realized through 

L =^ U = Lisotr 
A ) ' Aic;rii.r — S AS , A ) ' 



where 



1 
71 



isotr 




1 
1 



1 

-1 






5- 



1 

71 



-'isotr 
1 




1 - 



SA*S-^ , 



(223) 



(224) 



1 

1 

i 

-1 




1 

-i 
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For two factors we get 



A. 



isotr 



isotr 





-{ki - ik2) 


(^0 ~ ^3) 




-{kl+ikl) 





{ko + ks) 


-{ki + ik2) 


-(/c* — ik2) 




-{ki + ik2) 


{ko + A;3) 




-{kl+ik*2) 
{ko ~ ks) 






-{ki - ik2) 


(^0 - ^3) 
-{kl 





{kl + kl) 



tkl) 



It is convenient to introduce the following notation: 
B{k) =ko + (7^kj 
B{k*) - ^0 - 



ko + k^ 


kl — ik2 




a d 


kl + ik2 


ko - ks 




c b 



-{kl+ik*^) 



-{k*i 
ko + ^3 



b* 
-d* 



a 



then relations (|225|) read 



isotr 



b 





— c 







b* 








-c* 





a 







A* — 

1 -^isotr 





a* 


-d* 





d 





a 








-c* 


b* 








— c 





b 




-d* 








a* 



and the Lorentz matrix in isotropic form looks as follows 



U 





bb* 


* 

cc 


-cb* 


-be* 


Lisotr — 


dd* 


aa* 


-ad* 


-da* 


-db* 


—ac 


ab* 


dc* 




-bd* 


-ca* 


cd* 


ba* 



For boost transformations and Euclidean rotations we have respectively 

ch {(3/2) + sh (/3/2)e3 sh (/3/2) (d - ica) 
sh {(3/2){ei + ie2) ch (/3/2) - sh {(3/2)e^ 

cos (</>/2) — i sin (/3/2)e3 — i sin ((/)/2)(ei — ie2) 
— isin (/?/2)(ei +^€2) cos (</>/2) +isin(0/2)e3 



5(A;) = ch^ + sh^a^ej 



cos 



I sm — cj-'e, 



(225) 



(226) 



(227) 



(228) 



(229) 



The matrix (j228|) acts in the space of the variables Z = {Za), representing Stokes vector in 
isotropic basis: 



Z' = UZ , 



1 

7^ 



1 








1 








I{l+P3) 


1 








-1 




Ipl 


1 


I{l-P3) 





1 


—i 









"71 


I{pi - ip2) 





1 


i 







IP3 




I{pi + ip2) 
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in accordance with 



I'ip'l - ip'2) 
I'ip'l + ip'2) 

Let us specify six particular cases: 
rotation (0 — 1) 



bb* 


cc* 


-cb* 


-be* 




ia+P3) 


dd* 


aa* 


-ad* 


-da* 




I{l-Pz) 


-db* 


* 

—ac 


ab* 


dc* 




I{pi - ip2) 


-bd* 


—ca* 


cd* 


ba* 




I{pi + ip2) 



rotation (0 — 2) 



rotation (0 — 3) 



rotation (2 — 3) 



U 



rotation (3 — 1) 



U 



(ch /3 + 1) 
(ch /? - 1) 

-sh/? 

-sh/3 



(ch /3 - 1) 
(ch /? + 1) 

-sh/? 

-sh/3 



-sh/3 
-sh 13 
(ch (3 + 1) 
(ch/3 - 1) 



(ch (3 + 1) (ch /3 - 1) 

(ch/3 - 1) (ch/3 + 1) 

+i sh (3 +i sh /3 

—i sh /? — i sh /3 



—i sh /3 
— i sh f3 
(ch /? + 1) 
-(ch/3- 1) 



i7 = 








10 
1 



(1 + cos (j)) (1 — cos (f) 
{l — COS(j)) (1 + COS0 

i sin (f) —i sin ( 



-I sin ( 



zsin( 



zsm^ 
—i sin 
(1 + cos (f)) 
(1 — cos (f)) 



-sh/3 
-sh/3 
(ch 13-1) 
(ch /3 + 1) 



+i sh (3 
+i sh /3 
-(ch/3- 1) 
(ch (3+1) 



—I sm 

(1 — cos^) 
(1 + COS<j)) 



(1 + cos (f) 
(1 — cos ^) 
sin 6 



sin ^ cos ^ 



(1 — cos ^) 
(1 + COS 4>) 
— sin 6 



— sm — sm ( 
sin (f) sin < 

(1 + cos^) (1 — cose/) 



■sin I COS I (1 — cos^) (1 + cos^) 



(230) 



rotation (1 — 2) 



U 



1 














1 































(231) 
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14 On finding parameters {ka, k^) from explicit form 
of the Lorentz matrices in isotropic form 



To spinor transformation B{k) G SL{2.C) 

B{k) 



a c 
d b 



a b 



cd = +1 



there corresponds a Lorentz matrix L{k, k*), function of (a, b, c, d; a*, b*, c* , d* 
translating to isotropic representation U{k, k*) = S L{k, k*) S~^, we get 



U{k, k* 



bb* 


dd* 


-db* 


-db* 


c c* 


a a* 


—a c* 


— a* c 


cb* 


-d* a 


ab* 


d* c 


c* b 


-da* 


dc* 


a* b 



(232) 
After 

(233) 



The problem reduces to finding complex (a, b, c, d) from explicit form of U{k, k*). To this 
end, let us factorize each of these four parameters 



a = A exp' : 
d = D exp* 



A a , 
D t , 



c = C exp' ^'■g(^) 
b = B exp* '''^^^'^ 



C s , 
Bp. 



so that 



U{k, k* 



B"^ -BDt/l3 -BDl3/t 

A? -ACa/s -AC s/a 

-CBs/j3 -ADa/t ABa/l3 C D s/t 

-C B (3/s -ADt/a CDt/s A Bp/a 



(234) 



From relation det B = +1 it follows 

AB = a/3 



sH^ - 1 



Allowing for (12351) . for 1/2^ and 1/2^ we get 



and therefore 



so that 



C/a^ = [ 1 + 



CD = St 



1 



_ a2p2 ■ 

2 (a2/32_i) 



2R2 ■ 



(235) 



(236) 



a 



a" + ^U2^ 



a 



a 



'U2' 



U,^U2' 



±1 . 



Having known a one determine remaining three phase factors: s, t: 



-a 



AC 



C B 



-P 



B D 

^0 



(237) 



(238) 
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besides A, B, C, D are given by 



A: 

C 



B 



U,\ D 



U 

^0 ' 



^0^ 



(239) 



Two special case should be considered separately: 
c = d = 



A 



^\ B = ^ 



C/o° , AB = 1 



a 



(240) 



a = b = 



C 



U,\ D 



Uq\ CD = l 



s = S\/U2^, t 



(241) 



15 Spinor representation for electromagnetic 4-potential and 
tensor, Stokes 4-vector and 2-rank tensor for a completely 
polarized light 

Let start with the well-known relations between 2-rank bi-spinors and simplest tensors. Bi- 
spinor of second rang U = ^ can be resolved into scalar $, vector ; pseudoscalar $, 
pseudovector and antisymmetric tensor 



^7 = ^ (g) ^ 



(242) 



let us refer all consideration to the spinor basis 



u 



a 



ab 



1 



V, 



7 



a/3 



7 






a" 


a" 





Y^ab 








Y^ab 


-/ 








+/ 



(243) 



E stands for a bi-spinor metric matrix 

E 



e 




ea/3 




ia"^ 


e-i 




e"/^ 




-ia^ 



E' 



-I 



E = -E , SpE = 



a"' E = -E& 



ab 



(244) 



*In this section we use Dirac matrices instead of aa, fia,ctal3a\ for more details on connection between them 
see in ITOl. 
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<!> = ^ Sp [EU] , ^ = \sp [Ej'U] 



2i 



Sp [Ea.ranU] . 



More insight can be reached in 2-spinor basis: 



For vector and pseudovector we have 



so that 



^ Sp (r^ CT,A) = ^ Sp [ aia'' ($fc + f ] = + i , 
^ Sp (e CT/F) = ^ Sp [ a; cj'^ ($fc -i^^)] = ^i-i^i ^ 



^ Sp (i?7/[/) = ^ [ Sp (e-i a^A) + Sp (e aiH) ] = , 



4i 4i 
For scalar and pseudoscalar we have 



so that 



^ Sp (e e) = ^ - , ^ Sp (e-i) 7? = -i (D + I. 



^Sp (i?C/) = ^ [Sp(6 + Sp(e-S)] = 



^ Sp (Ej^U) = ^ [ Sp (6-1 7?) - Sp (6 ] = • 



At last, with the help of formulas 



kl-sr^mn\ 



Sp (S'^'E 



we get 



Sp (r^ r/) = -i - i ^ki 
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so that 



^ Sp (Ea'^'^U) = ^ [ Sp (e'^ S™" r/) + Sp (e S™" ^ ] = , 
i Sp (£;75a--C/) = ^ [ Sp (e-i E^" ,7) - Sp (e S^" ] = 

First, we are interested in two vectors obtained from spinors: 



(249) 



= ^Sp 



so that 



^0 = 



$1 = 



^2 = -^v 



la a 



U{H^ + H^^) + {A\ + A^^) ] = i ievi + em) , 



*3 = 



2^3^ 



-1 



[ (i?^ 1 + H^') + iA\ + A\) ] = - {em + em) ; 



and for pseudovector 



= 2SP 



so that 



^0 = 2 Sp 



$1 = -Sp 
2 ^ 



$2 = 2SP 



^3 = 2SP 



-I a^A 



ia'a'A 



-[-iH^-H^')-iA\-A\)] = 
[-{H^-H^') + {A\-A'^)]=0 
[-{H^ + H^') + {A\ + A\)]=0 



-la' 



la' 



[-{H^+H^') + {A\ + A\)] = 0. 



In the same manner we get for scalar and pseudoscalar: 



= i[+ie'-e')-iv2i+m2)]=o, 



i = - Sp E-f^U = - Sp 
4 4 



4 



{e'-e')-{v2i+vi2)]=o; 
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and for antisymmetric tensor 



^mn ^ _1 Sp [ Ea'^^'U ] = --Sp 



so that 



= 4 Sp 
4 



23 



Sp 



1^-1 c2c2\ 



02 



is. 



31 



4i 



tSp 



[(r+r)-(^ii+%2)] 



4i 



[rr+rr)-Mi+r?2r?2)], 



03 



12 



4 [ (^'' + ^'') - (^2i + ^12)] = ~ [ e'e' - '?i^2] > 



Collecting results together 



* (g) * 



$ = 0, $ = 0, $„ = 0, $„7^0, $„^n7^0, 



we see that to have real vector and tensor one must impose additional restriction 



(250) 



which result in 



*i = ie e* + e ei , ^2 = ^ ie e* - e en 
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$23 ^ 1 [ (^1 ^1 _ f _ (^2* ^2* _ ^1* ^1*) ] ^ 

$02 = _ 1 [ (^1 ^1 + ^2 ^2) ^ (^2* ^2* ^ ^1* ^1*) ] ^ 
$31 = _ 1 [ (^1 ^1 + ^2 ^2) _ (^2* ^2* ^ ^1* ^1*) ] ^ 

$03 ^ _^ ( ^1 ^2 _ ^2* ^1.) ^ $12 = -1 [ ^1 + e , (251) 

There exists alternative additional restriction: 

r, = -ia^e =^ r,^ = -e*, V2 = H'* ; (252) 
which result in (compare with (j25ip ) 

^0 = (e' c'* + e fi > , <i>3 = -(e' c'* - f fi , 
<f 1 = -(e' e'* + e*) , ^2 = -i (e' - e ei ; 



$ 



01 



$ 



23 



7[(r r-r n-ir r-r r)] 



$02 ^ _i [ (^^1 ^1 _^ ^2 ^2^ _^ ^^2* ^2* _^ ^1* ^1*^ j 
1 



$ 



31 



--[(e' ^^+^^ o-(r r+r r)] 



$ 



03 



( ^1 ^2 _ ^2* ^1*^ 



$ 



12 



[^1 ^2 ^^2* ^1*] ^ 



(253) 



The last case (|252|) - (j252|) seems to be appropriate to describe Stokes 4- vector and determine 
Stokes 2-rank tensor: 



-i C 



Sa 7^ 0, Smn 7^ , 



5, 



^2 



-ie e*-e en, 

(^1 ^2*_^2^1*^. 
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ai = = ^ [ ie e - e e) + ie* e* - e* en i , 

6^ = = 1 [ e - e e) - ie* e* - e* ei i , 

a2 = = -i [ e + e e) + if* e* + e* en i , 
6^ = s^' = -1 [ ie e + e e) - ie* e* + e* ei ] , 

= = _1 ( ^1 ^2 _ ^2* ^1*^ ^ ^,3 ^ ^12 ^ _ 1 ( ^1 ^2 ^ ^2* _ (254) 
Let us calculate the main invariant 

'S'o'S'o ~ SjSj = 

= {e e*+e e*?-{e e*-e e*f- 
-ie e*+e e*f+{e e*-e e*f = 
= ^eei iee*) - ^{eei ieei = ; 

so 5a may be considered as a Stokes 4- vector for a completely polarized light. 4-tensor Smn, 
being constructed from Jones bi-spinor is a Stokes 2-rank tensor. 
Let us calculate two invariants for Smn- The first is 

I 2 2 1 

^2 16 

_[ ^1 _ ^2 ^2-j _|_ (^2* ^2* _ ^1* j2 _ J ^^l ^1 _ ^2 ^2-j _ ^^2* ^2* _ ^1* j2 _|_ 

+[ ie e + e e) + ie* e* + e* en ? + [ ie e + e e) - ie* e* + e* en ? + 

-4( e e - e* e*)"^ - 4( e e + e* e*)'^ = 

= ^ [ -2ie e - e e? - ^ie* e* - e* e*) + 

+2(e^ e + e e? + '^ie* e* + e* e*) - 

-1\2/a2\2 Q/cl*\2tc2*\2 i 



that is 



-KerieY-mnne*Y 



/i = -^S'""5^„ = 0. (255) 



The second invariant is 



-^2 = ^ ^abmnS"'^S"^^ = ab = 

3^ [ ie e - e e? - ie* e* - e* e*? - 

^1 _|_ ^2 ^2-j2 _|_ (^1* ^1* _^ ^2* ^2*-j2 _|_ 

+4(^1 e~e* e*)ie e+e* en] = 
= ^ [ i-^eeee + Ae''e*e*en + i^eeee - Ae*e*e*en ] = o . 
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so that 



I2 = - eabmnS""^ S"^"^ = ab = . 
Finally, let specify Stokes 4- vector and 4-tensor to (M, N,/S. = a — (3) parameters: 



(256) 



N e*" 
+M e*^ 
-M er'f^ 



Sa 7^ 0, Smn 



Si = -2MN cos(a - /3) , 52 = 2MN sin(a - /3) 



which coincides with ([55]) : and 



= 5°^ = - ^ (iV^ sin 2a - sin 2/3) , 

= S^^ = +^{N'^ cos 2a - cos 2/3) , 

a2 = = - 1 (Ar2 cos 2a + cos 2/3) , 

62 = 5-31 = _ ^ (^2 2a + sin 2/3) , 
= ^03 ^ +^rMsin(a + /3) , 
63 = = _jvM cos(a + /3) . (257) 

Two vectors a, b are determined by 4 parameters N, M, a, /3, additional identities hold 

a2 = b^ = L. , ab = ; 



therefore the quantities a, b depend in fact upon 4 independent parameters A^, M, /3 — a, /3 + a; 
whereas Stokes 4- vector depends upon only three ones A^, M, /3 — a. 

Instead of Stokes 4-tensor Sab one may introduce a complex Stokes 3- vector s = a + ib with 
the following explicit components (see (j254p ): 





= a^ + ib^ 


= S^^ + 


tS^-'-- 


-'^iee- 


- e e) , 




= + ib^ 


= 5°2 + 


iS'' = 


--liee 


+ e e) 






+ ilf" 


= 5°3 


= iS^' = - 


-^ e e ■ 


from whence it follows 












Si + iS2 = 


-^ ee , 


si - 


iS2 = 


+i ee , 


s^-i ee 



(258) 



(259) 
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The quantity s transforms as a vector under complex rotation group SO{3.C). The later per- 
mits to introduce additionally to Jones spinor and Mueller vector formalisms one other technique 
based on the use of complex 3-vector under complex rotation group SO{3.C): 



s = a + ib = ^ 



-2i NM e^('^+^) 



(260) 



evidently this complex vector is isotropic = 0, the later condition provide us with two addi- 
tional condition, so s depends on 4 parameters. 

16 Spinor representation for a space-time vectors 

The question relevant to description of a partly polarized in terms of Jones spinor object still 
remains unsolved. Let us turn back and consider possibility to construct vector and tensor in 
terms of spinor components with no additional restriction on bi-spinor (like r] = iia"^^*^' 



^0 - ^3 = - fmf - iC% + fmf = -4 ee vm , 

^1+^1 = ievi - - (eSi + fv2f = -4 c'e viV2 , 

$o$o _ _ $2$^ - ^>3$^ = ; (261) 

the complex vector is isotropic. Let us separate real and imaginary parts: 

^0 = A + iB , = Aj + iBj , 

A2-A2 = s2-B2, AB -AB = 0. (262) 

So two real 4-vectors An and Bn have the same length, they are orthogonal to each other, and 
they may be non-isotropic ones. 

The main relationships between spinor and tensors are 



■mn 



E {^(g)^)= 7" <^n + i cr"'"' ^n 
E {m* (g, ^*) = (7")* - i (cj™")* . (263) 



As in spinor basis we have identities 

.,n\* _,2 _,n _,2 f ^mn\* _,2 _mn _,2 



relations (I263D read 



\1 ) =1 1 1 ^ \^ j = -7 <7 7 



7^ E (^* = 7" + i a'"" . (264) 
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and further 



(7^^* ® 7'**) = [ 7" <^>: + ^ <j>;.n ] i?"' • (265) 

Complex vectors and tensors are given by (see (1245 p ) 

An + iBn = = ^ Sp [ E-fn{^ ® ^) ] , 
An -iBn = K = \^V[ ^7n(7'^* ® 7^^*) ] , 
$mn = Sp [ Ea„^n{^ ® ^) ] , 

^^nn = Sp [ Eamnil^^* ® 1^^*) ] • (266) 

We may use conventional notation 7^vi/* = ij/^^ then the formulas look shorter 

^„ = ^ Sp [ S7„(^' ® ^' + *^) ] , 
o 

iS„ = J Sp [ ^7n(^' ^''^ - ^''^ ^^) ] , 
o 

$mn = -77: Sp [ EUrnni'^ ® ^) ] , 

2z 

^:kn = Sp [ E<Jn,n{^' ®^')]. (267) 

Let specify the complex tensor 

^'' = \[ (e'e' - ee) + ivm - ] , 

<^>'' = ^ [ iee - ee) - ivm - ^2%) i , 

= - icl>23 = (^^,^. _ ) ; 

'^'' = -l[{ee+ee) + {rim+v2V2)]. 
^'' = -liiiee+ee)-{rim+v2%)], 

= - ^^^^ = ivim + V2%) ; 



63 



gS ^ ^03 ^ -^12 ^ _ • ^1^2 ^ 
^3 ^ ^03 _ -^12 ^ _ • 



(268) 



The vectors s and t are isotropic: 




immf = ■ 



besides 



St = --(^l^l-4T)(»7i^i-^2^2) + 



(269) 



Let us check the sign of the relativistic length for An (it equal that for -B„): 



A{Ai - Ai) = iev2 - fmf - 2{ev2 - evi){e*vi - ^'*vi) + (ex - ^'*vif - 

4iAi + Ai) = {em - eri2? + 2(e'r?i - eri2){e*rii - e*^i) + {e*iii - e*4r - 
-{em + em? + + eviX^^vi + f*vi) - + e*4? = 



Therefore, this 4-vector is space-like, and it cannot correspond to a time-like Stoke 4-vector. 



2Ao = {eV2-fvi) + {e%-f*vl)^ 

2As = -{ev2+er]i)-(e*4+ex)^ 
Ai = {evi-e%) + {e*vi-e*4)^ 

A2 = i{em + ev2)-iie*Vi+e*vl); 



allowing for identities 



we arrive at 



-ee vm e*f* virj* - ee* mvi - ff* + 
+ee mv2 + e*e* viv*2 - c'e* - ee* m^i = 



(270) 
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17 Spinor representation for a time-like vectors, 

on possible Jones spinor for a partly polarized light 

Now let us examine else one possibility 



C2* 



1* 





-evi 




+ee* 








^\ 


^\ 
















^\ 


^\ 




-mvl 


-Vie* 










mi 


Vi2 


+V2VI 






+V2e* 






^2^ 


mi 


V22 



Corresponding 4-vector is determined by 

^, = l[[H^-H^')- iA\ - A\) ] = i [ {r^^rjl + r^^r^*) + + Ce*) ] > 

^, = -^-[(H^+H^') + {A\ + A^^) ] = -1 [ {r^,4 - 7?,ry*) + {-ff* + ] 
^l = l[{H^-H^') + {A\ - A\) ] = i [ (r?iry* + ry^r?*) - {ee* + fe*) ] 
^,= '-[{H^+H^^) + {A\ + A^ . ) ] = 1 [{r^^r^* - r^^rj*) + {-e^ + ee*) ] 
Allowing for 

-iv2vi - vivi? - 2iv2vi - mviK-ff* + ee*) + {-ff* + ee*f = 



'■2cl*\2 



ivi4 - mvir - '^ivivi - V2vi){-er + eei - i-er + 



So that 
we get 



$2 _ $2 



$2 _ ^3 



-0 ~ ^1 ~ ^2 ~ ^1 — 



Let us demonstrate that this vector is time-like. With the notatiorH 











V = 





^It should be noted that here 8 real parameters are introduced. 
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we get 

= N^Mf + 7V|m| + 2NiMi N2M2 cos [(ni - na) - (mi - m2)] ; 

therefore 

(NiMi - N2M2f <^l-^l-^l-^l< {NiMi + N2M2f . (274) 

This means that we have ground to consider 4- vector as Stokes 4- vector Sa- 

{NiMi - N2M2f < si - < {NiMi + iVaMa)^ , (275) 

and two 2-spinors (j273p as making up a Jones bi-spinor corresponding a partly polarized light. 
It remains to find explicit form for corresponding (real) Stokes 4-tensor Sab- 



$01 


~ 4 


[(e\* + eN*)-(^ie'* + r?2e'*)], 


$23 


1 

~ 4 




$02 ^ _ 




{e4-^'^i) + (-vie*+v2en], 


$31 = 


it 


{ev*2-evi)-i-vie*+v2^'*)], 


$03 = 


4 


{ev*2-evi) + {-r]2e*+^ie*)], 


$12 = 


1 

~4 


[{frj*-evi)-i-v2e*+vie*)] 



and 

si = ai + i6i = ^(e\*+eN*), 
«^ = a^ + ^6^ = -^(e\*-C\*), 

5' = a=^ + ^&' = -^(e'^?*-e\*); (277) 
besides this complex 3-vector is not isotropic: 

Last remark should be added. Results of this section can be of use not only in polarization 
optics, but also they may be of interest to describe Maxwell theory in spinor approach, when 
instead variables An, Fmn one introduces one fundamental electromagnetic bi-spinors ^ = {Cr]). 
Also, they could have meaning in the context of explicit constructing models for space-time with 
spinor structure. 
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